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Abstract 

The "Recognition Theorem" for graded Lie algebras is an essential 
ingredient in the classification of finite-dimensional simple Lie algebras over 
an algebraically closed field of characteristic p > 3. The main goal of this 
monograph is to present the first complete proof of this fundamental result. 
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Introduction 

The focus of this work is the following Main Theorem, often referred to 
as the "Recognition Theorem," because of its extensive use in recognizing 
certain graded Lie algebras from their null components. 

Theorem 0.1. Let g = ©j=_y0j be a finite- dimensional graded Lie 
algebra over an algebraically closed field F of characteristic p > 3. Assume 
that: 

(a) 00 is a direct sum of ideals, each of which is abelian, a classical 
simple Lie algebra, or one of the Lie algebras 0[„, sl„, orp0[„ with 

p I n; 

(b) 0_i is an irreducible Qo-module; 

(c) Ifx€ 0j>o0j and [x, 0_i] = 0, then x = 0; 

(d) If X E 0j>o0-j and [x, 0i] = 0, then x = 0. 

Then is isomorphic as a graded Lie algebra to one of the following: 

(1) a classical simple Lie algebra with a standard grading; 

(2) pQifn for some m such that p \ m with a standard grading; 

(3) a Cartan type Lie algebra with the natural grading or its reverse; 

(4) a Melikyan^ algebra (in characteristic 5) with either the natural 
grading or its reverse. 

The classical simple Lie algebras in this theorem are the algebras ob- 
tained by reduction modulo p of the finite-dimensional complex simple Lie 
algebras, as described in [S, Sec. 10] (see also Section 2.2). Thus, they are 
of type A„_i, p /n, B„, C„, D„, Eg, Ey, Eg, F4, G2, or they are isomorphic 
to psl^ where p \ n. 

The Recognition Theorem is an essential ingredient in the classification 
of the finite-dimensional simple Lie algebras over algebraically closed fields 
of characteristic p > 3. In a sense, the whole classification theory is built 
around this theorem, as the theory aims to show that any finite-dimensional 
simple Lie algebra L admits a filtration L = L_q D . . . D Lq D • • • D L,. D 
Lr+i = such that the corresponding graded Lie algebra g = 0i, 
where Qi = Li/Li^i, satisfies conditions (a)-(d) above. The Recognition 
Theorem is used several times throughout the classification; its first appli- 
cation results in a complete list of the simple Lie algebras of absolute toral 

■"^transliterated as Melikian in many references such as [St] , for example 
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rank two, and its last application yields a crucial characterization of the 
Melikyan algebras, thereby completing the classification. The main goal of 
this monograph is to present the first complete proof of this fundamental 
theorem. 

V.G. Kac first undertook to prove the Recognition Theorem in [K2]. 

This pioneering work was ahead of its time. In 1970, very little was known 
about rational representations of simple algebraic groups in prime character- 
istic, and the Melikyan algebras were discovered only in the 1980s. Despite 
that, Kac made many deep and important observations towards the proof 
of the theorem in [K2]. Most of them are incorporated in Chapters 3 and 4 
of this monograph. 

Historical accounts of the classification of simple Lie algebras of charac- 
teristic p > can be found for example in [M] , [Wi3] , and [B] . Investigation 
of the finite-dimensional simple Lie algebras over algebraically closed fields of 
positive characteristic began in the 1930s in the work of Jacobson, Witt, and 
Zassenhaus. During the next quarter century, many examples of such Lie al- 
gebras were discovered. In [S] , written in 1967, Seligman spoke of a "rather 
awkward array of simple modular Lie algebras which would be totally un- 
expected to one acquainted only with the non-modular case." Seligman's 
book contained a characterization of the classical Lie algebras of character- 
istic p > 3; that is, those obtained from Z- forms of the finite-dimensional 
simple Lie algebras over C by reducing modulo p. (See Section 2.2.) It was 
about the same time that Kostrikin and Safarevic [KS] observed a similarity 
between the known nonclassical simple Lie algebras of prime characteristic 
and the four families W, S, H, K (Witt, special, Hamiltonian, contact) of 
infinite-dimensional complex Lie algebras arising in Cartan's work on Lie 
pseudogroups. They called their analogues "Lie algebras of Cartan type" 
and formulated a conjecture which shaped research on the subject during 
the next thirty years. The Kostrikin- Safarevic Conjecture of 1966 states 

Over an algebraically closed field of characteristic p > b, a finite- 
dimensional restricted simple Lie algebra is classical or of Car- 
tan type. 

In 1984, Block and Wilson [BW] succeeded in proving this conjecture for 
algebraically closed fields of characteristic p > 7. 

If the notion of a Cartan type Lie algebra is expanded to include both 
the restricted and nonrestricted ones as well as their filtered deformations 
(determined later by Kac [K3], Wilson [Wi2], and Skryabin [Ski]), then 
one can formulate the Generalized Kostrikin-Safarevic Conjecture by simply 
erasing the word restricted in the statement above. 

The Generalized Kostrikin-Safarevic Conjecture is now a theorem for 
p > 7. First announced by Strade and Wilson [SW] in 1991, its proof is 
spread over a number of papers. As mentioned above, the proof depends in a 
critical way on the above Recognition Theorem (hence on our monograph). 
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We refer the interested reader to [St] for a comprehensive exposition of the 
classification. 

Recent work of Stradc and the third author [PS1]-[PS5] has made sig- 
nificant progress on the problem of classifying the finite-dimensional simple 
Lie algebras over fields of characteristic 7 and of characteristic 5, where 
the Generalized Kostrikin-Safarevic Conjecture is known to fail because of 
the Melikyan algebras. (See Section 2.45.) The Classification Theorem an- 
nounced in [St, p. 7] (and also in [P2]), asserts ^^Every finite dimensional 
simple Lie algebra over an algebraically closed field of characteristic p > S 
is of classical, Cartan or Melikyan type." The Recognition Theorem plays 
a vital role in this extension of the classification theory to p = 5 and 7. 
In characteristics 2 and 3, many more simple Lie algebras which are nei- 
ther classical nor Cartan type are known (characteristic 3 examples can be 
found in [St, Sec. 4.4]). The papers [KO], [BKK], [BGK], and [GK] prove 
recognition theorems for graded Lie algebras of characteristic 3 under var- 
ious assumptions on the gradation spaces. One of the main challenges in 
characteristics 2 and 3 will be to remove such extra assumptions and deter- 
mine all finite-dimensional graded Lie algebras g satisfying conditions (b), 
(c), (d) above with the graded component go isomorphic to the Lie algebra 
of a reductive group. Once this is accomplished, one might be able to formu- 
late a plausible analogue of the Generalized Kostrikin-Safarevic Conjecture 
for p = 2 and 3 and to begin the classification work in a systematic way. 

Our monograph consists of four chapters. In the first, we establish 
general properties of graded Lie algebras and use them to show that in 
a finite-dimensional graded Lie algebra satisfying conditions (a)-(d) of the 

Main Theorem, the representation of the commutator ideal of the null 
component go on g_i must be restricted. In Chapter 2, we gather useful in- 
formation about known graded Lie algebras, both classical and nonclassical. 
Chapter 3 deals with the case in which g_i and gi are dual go-modules, the 
so-called contragredient case, which leads to the classical or Melikyan Lie 
algebras. Chapter 4 treats the noncontragredient case, and there the graded 
Lie algebras are shown to be of Cartan type. 
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Graded Lie Algebras 



1.1. Introduction 

In this chapter, we develop results about general graded Lie algebras. 
Later (starting in Section 1.8) and in subsequent chapters, we specialize to 
modular graded Lie algebras satisfying the hypotheses of the Recognition 
Theorem. 

To begin, our focus is on Lie algebras over an arbitrary field F having 
an integer grading, 

r 

S = Si, 

i=-q 

where [Bi,0j] ^ if — < i + j < r and [0i,£|j] = otherwise. Then go 
is a subalgebra of g, and each subspace Qj is a go-module under the adjoint 
action. The spaces 

g<o:=0-ffiSo and g>o:=So®S+ 
are also subalgebras of g, where 

q r 

Q- •■= 9-i and g+ := gj 
i=i j=i 
are nilpotent ideals of g<o and g>o respectively. If g_q and g,. are nonzero, 
then q is said to be the depth and r the height of g. Wc assume that q,r > I 
and q is finite, but in this section and the next allow the possibility that 
the height r is infinite. The following conditions play a key role in this 
investigation: 

(1.1) g_i is an irreducible go-module. 

(1.2) If X G g>o and [x,g_i] = 0, then x = 0. 

Property (1.1) is termed irreducibility and (1.2) is called transitivity. 
When we say an algebra is irreducible and transitive, we mean that both 
(1.1) and (1.2) hold. On occasion we refer to algebras satisfying the following 
constraint as being 1-transitive, or having 1-transitivity: 

1 
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(1.3) If X e g<o and [a;,5i] = 0, then x = 0. 

1.2. The Weisfeiler radical 

Every graded Lie algebra q has a radical, which was first introduced by 
Weisfeiler [W], and which is constructed as follows: Set M.^{q) = 0, and 
for i > define 3VC*"'"^(0) inductively by 

(1.4) M'+\g) = {xe9-\ [x,g+] C M^fl)}- 
Then 

= M°(0) C M^(0) C . . . C M'-^{q) C M*(0) C . . . and 
(1-^) M(0) := U M\g) 

i 

is called the Weisfeiler radical of 0. By its definition, M(0) is a subspace 
of 0_ invariant under bracketing by 0+, and for _7 = 0, 1, . . . , g, 

(1.6) [[Mn0),0-,],0+] C [[M^(0),0+],0_,] + [M^(0),[0_„g+]] 

c [M-i(0),0_,] + [M^(0),^0_,+,]- 

Now when j = and i = 1, the right side of (1.6) is zero, which implies that 
[M^(0),0o] ^ M^(0). We may assume that [M*"^(0),0o] C M'~^(0). Then 

(1.6) shows that [M*(0),0o] Q M*(0). Suppose we know that 

(1.7) [M\Q),Q^k]QM^^\Q) 

for all < A: < j. Then by (1.6) and induction on i we have, 

[[M^(0),0_,],0+] c [M^-H0),0-,] + [M^{9),Y.Q-j+e] c M'+^-\e). 

e>i 

Consequently, [M*(0), 0_j] C M*+-^'(0) for j = 0,1, Thus M(0) is an ideal 

of 0, and it exhibits the following characteristics enjoyed by a "radical": 

Proposition 1.8. 

(i) 3VC(0) is a graded ideal of Q contained in 0_. 

(ii) Suppose that q is irreducible (1.1) and transitive (1.2), and let J be 
an ideal of g contained in 0_. Then J C M(0) C ^j>2 0-i- Thus, 
M(0) is the sum of all the ideals of q contained in 0_. Moreover, 
0/M(0) is irreducible and transitive, and M(0/M(0)) = 0. 
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(iii) // g is irreducible and transitive, and [Q-i, Q-i] = g_(j_|_i) for all 
i > I, then for any ideal J of Q either J C M(0) or J D 

(iv) If Q is 1-transitive (1.3), then M(g) = 0. 



Proof, (i) We know from the calculations above that M(g) is an ideal 
of g. If a; = x-q + • ■ ■ + x-i G M(0), then one can see by bracketing with 
homogeneous elements of positive degree that the homogeneous components 
x-i G Q-i of X belong to M(g) also, and the quotient algebra g := g/M(g) 
is graded. 

(ii) Suppose that g is irreducible and transitive. If J is any ideal of g 
contained in g_ and if Jng_i ^ 0, then Jng_i = g_i by irreducibility, since 
J n g_i is a go-submodule of g_i. But if J 5 g_i, then J D [g_i,gi] ^ 
by transitivity, to contradict J ^ g_. Hence, when g is irreducible and 
transitive, every ideal J of g contained in g_ has trivial intersection with g_i. 
In particular, since M(g) C g_ and M(g) is graded, we must have M(g) C 
X^t>2 0-«- follows that g/M(g) will inherit the properties of irreducibility 
and transitivity. 

Now suppose that J is an ideal of g contained in g_ and let X-q H h 

X-i G J, where x-i G g_i for all i. Then it must be that X-i G M*(g) for 
i = l,...,g. Consequently J C !M(g) C Yl,i>2 0-«' ^(fl) is the sum 
of all the ideals of g contained in g_. Any ideal of g = g/M(g) contained 
in g_ has the form K where K is an ideal of g contained in g_. But then 
K C M(g) soK = Q. Hence, M(g) = 0. 

(iii) Under the hypotheses in (iii), suppose that J is an ideal of g, and 
define the following subspaces of g: 



(1.9) Y, ■.= {y^ g,- 



y + z G J for some z G g^ 

i<j-i 



Then Yj is a go-submodule of g^ for each j. Now either J C g_ (and hence 
J Q ^(fl) by (ii)) or there exists an element x = x-q + ■ ■ ■ + Xk G J 
with Xk 7^ and k > 0. Since in the second case (adg_i)^"^^(a;) 7^ by 
the transitivity of g, we see that J fl g_ 7^ and F-i 7^ 0. Hence by 
irreducibility, Yli must equal g_i. Assume we have shown that YLj = Q-i 
Then 2 [^-i,g-i] = [g-i,g-i] = Q-{i+i) so that ^-(i+i) = g-(i+i) 

In particular, J D g_q. Suppose that J 2 Q-t for all t with i + 1 < t < q 
Since Ylj = g_j, it follows that J ^ g_j. Consequently J ^ g_, as asserted 

(iv) Suppose M*=(g) = for < < i. Then [M^(g),gi] C M^-^g) = 
Thus, if g is 1-transitive, we must have M*(g) = also. Therefore, 1- 
transitivity implies M(g) = \JM^{q) = 0. □ 
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Proposition 1.10. Assume g = ©[=_q0i is an irreducible, transitive 
graded Lie algebra such that 0_j = [g_i,g_j+i] for all i > 2. //3VC(g) = 0, 
then g contains no abelian ideals. 

Proof. By Proposition 1.8 (iii), any nonzero ideal J of g must contain 
g_ and hence must contain g_i © [g_i,gi]. By transitivity (1.2), [J, J] 2 
[g_i, [g-i,gi]] 7^ 0. Consequently, J cannot be abelian. □ 

Corollary 1.11. If Q = ©[=_q 0i is a irreducible, transitive graded Lie 
algebra such that Q-i = [g_i, g_j_|_i] for alii > 2, then q/'M.{q) is semisimple. 

Proof. This is an immediate consequence of Proposition 1.10 and the fact 
that M(g) = for g = g/M(g) by (iii) of Proposition 1.8. □ 

Lemma 1.12. Assume g = ©i=_^gj is a graded Lie algebra such that 
g_)_ is generated by gi and M(g) = 0. If x G Q- and [x,gi] = 0, then x = 0. 

Proof. The hypotheses imply that [a;,g+] = 0, so that x G 3VC'^(g) = 0. □ 



1.3. The minimal ideal 3 

In this section we show that graded Lie algebras satisfying certain condi- 
tions must contain a unique minimal ideal 3 which is graded, and we derive 
some properties of J. 



Proposition 1.13. (Compare [W], Prop. 1.61, Cor. 1.62, Cor. 1.66.) 
Assume g = 0[=_^gi is an irreducible, transitive graded Lie algebra such 
that g_j = [g-i,g-i+i] for all i > 2. // M(g) = 0, then g has a unique 
minimal ideal J which is graded and contains g_ . 

Proof. Since M(g) = 0, every nonzero ideal must contain g_ by Proposition 
1.8 (iii). Therefore the intersection 3 of all the ideals is the unique minimal 
ideal of g, and it contains g_. Let Jj := 3 Qj for each j, and observe 
that 3-i = Q-i for all i > 1. The space J' = 0^- Jj is a nonzero ideal of g, 
since [g?, Jj] Q Qi+j H J = "Ji+j. By the minimality of J, we conclude that 
5 = 0. J,-. □ 

Corollary 1.14. Assume g = 0^=_ggi is an irreducible, transitive 
graded Lie algebra such that g_i = [g_i, g_i_|_i] for all i > 2. Then g = 
g/M(g) has a unique minimal ideal which is graded and contains g_. 



1.4. THE GRADED ALGEBRAS S(V_t) AND S(Vt) 5 

From now on, we assume that the height r of the graded Lie algebras is 
finite. 

Assume g is an irreducible, transitive graded Lie algebra with M(0) = 
and with 0_ generated by and let 3 be the unique minimal ideal of g 
from Proposition 1.13. Then 



(1.15) ^ := ^(ad Q-i)\r C J 

fe>i 

is stable under the action of both ad g_i and ad go- By the Jacobi identity, 

[g+j^l] C 31 + g^. As g_ is generated by g_i by assumption, + g^ is a 
graded ideal of g. It follows that J C + g^. Moreover, 

a = a n (Di + g^) = 0^ + (a n g^) c J 

so J = 0? + (J n gr). This establishes the following result: 



Lemma 1.16. Any transitive, irreducible graded Lie algebra g with M(g) 
= and g_ generated by g_i contains a unique minimal graded ideal J such 
that 



a = ^(adg_i)'=g^ + (Jng^). 

k>l 

Thus, J = 0^=_q "Ji where ^ 0, and s = r i/ [J H g^ 7^ 0, and s = r — 1 
otherwise. Moreover, 

f(adg_ir-^g, if < z < r - 1, 

^ \Si if - q<i<-l. 



1.4. The graded algebras S(V_t) and 'B(Vt) 

There is a general procedure described by Benkart and Gregory in [BG, 
Sec. 3] for producing quotients of subalgebras in a graded Lie algebra g = 
0i=-q0i- It has been applied subsequently in several other settings; for 
example, it was used by Skryabin in [Sk2] to derive information about the 
solvable radical of go . 

The procedure begins with a subalgcbra Fq of go and an Fo-submodule 
F_i of Q-t for some t with I <t < q. For i > define: 



(1.17) 
(1.18) 



Fi = {ye9it I cFi_i}. 
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We claim that F = 0^- Fj is a subalgebra of g. To see this, note that 
[F_i,Fj] C Fj_i for all j. Assume ioi 1 < i < k that [F_i,Fj] C Fj_i for all 
j. Then 

[F_k, Fj] = F,-] C [[F_i,Fj],F^k+i] + [F-i, [F-k+uFj]] 

C Fj-k 

for all j. Wc show that [Fi,Fj] C Fi^j for i.j > by induction on i+ j. If 
i + j = 0, the result is clear, so we may assume that i + j > and that the 
result holds for values <i + j. Then [Fi, Fj]] C F^] + [Fi, Fj_i]. 

Now if i — 1 or J — 1 is negative, we may use what has been established 
previously. Otherwise, we may apply the inductive hypothesis. In either 
event, the sum on the right is in Fi_|_j_i, and [Fi,Fj] C Fj+j by definition. 
To summarize, we have shown: 

Proposition 1.19. Let q be an arbitrary graded Lie algebra. Let Fq 
be a subalgebra of Qq, and for t > let F_i be an FQ-submodule of Q-t- If 
F-i and Fi are defined by (1.17) and (1.18), then F = © j Fj is a graded 
subalgebra of Q. 

Proposition 1.20. Let F = 0^- Fj be any graded Lie algebra satisfying 
(1.17), and assume that F_i is a nontrivial Fo-module under the adjoint 
action. Set A^i = for all i > 0. For i >0, define Ai = {y ^ Fi \ [y, F_i] C 
Ai-i}. Then A = ^jAj is a graded ideal of F. Moreover the graded Lie 
algebra B = ©j = F/A satisfies (1.2) (transitivity) and (1.17). 

Proof. Assume F is any graded Lie algebra satisfying the assumptions and 
Aj is as in the statement of the proposition. Then [F_i,^] C A, and it 
follows by induction and the Jacobi identity that [F_i,^] C A for all i > 0. 
We suppose that i,j>0 and prove that [F,, Aj] C A for all such i and j by 
induction on i + j. The result is clear if i + j = 0, for the annhilator of F_i 
is an ideal of Fq. Now [F_i, [Fi,Aj]] C [Fi_i,Aj] + [Fi,Aj^i] C Aj+i^i by 
induction. Thus, [Fj,^j] C Ai^j, and A is an ideal as desired. 

That (1.17) holds in !B = F/A is obvious since Aj = for j < 0. Suppose 
for y G Sj with j > that [y, = 0. lfy = y + Aj, then [y, F_i] C Aj_i, 
and that implies y G Aj so that y = 0. Thus, S is transitive. □ 

Wc note that in this construction, Aq = Anni7(,(F_i), the annihilator of 
F_i in Fq. 

By symmetry we have: 

Proposition 1.21. Let q be an arbitrary graded Lie algebra. Let Fq be 
a subalgebra of Qq, and let Fi be an FQ-submodule of Qt for some t >1. For 
i > 0, define Fi and F^i as follows: 
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(1.22) = [Fi,Fi_i], 

(1.23) = {y G 0_it I [y, Fi] C F.^+i}. 
T/ien F = 0^- is a graded subalgebra of Q. 

Proposition 1.24. Let F = 0^. Fj be any graded Lie algebra satisfy- 
ing (1.22), and assume that Fi is a nontrivial FQ-module under the adjoint 
action. Set Ai = for all i > 0. For i >0, define A_i = {y e F_i \ [y, Fi] C 
Then A = Aj is a graded ideal of F. Moreover in the graded 
Lie algebra B = 0j = F/A, conditions (1.3) (1 -transitivity) and (1.22) 
hold. 

There are several important instances of this construction that will play 
a crucial role in the remainder of the work. For the graded Lie algebra 

= 0^=_gSi, and for 1 < t < g, the ingredients in this special case are the 
following: 

(1.25) Fq = 00 and F_i = a nontrivial 0o-submodule of 0_t, 
(1.26) 

F^i = and F, = {y e \ C F,_i} = Qit {i > 1), 

(1.27) ^0 = Anng,(F_i) = {x G 0o | [x, = 0}, 

(1.28) Ai = {xeQit\[x,F_i\(ZAi^x} for z>l, 

(1.29) F = FiV.t) = Fj and A = AiV.t) = A, 

j i>0 

(1.30) -B = S(y_t) = F{V.t)/A{V.t). 

Usually we take V-t to be an irreducible 0o-submodule of 0_t, although 
this is not required for the construction. We try to make choices of t and 
submodules V^t that enable us to show that the homogeneous components 
So and Si of S are both nonzero, for then the graded algebra "B has at least 
three homogeneous components, and we can deduce much more information 
about the structure of the graded algebra !B. When t > [q/2\, the algebra 
23 has depth one. This proves very helpful as it allows us to transfer results 
about depth-one algebras to general graded Lie algebras. 

The analogous construction starting from a 0o-submodule Vt of 0t, for 

1 < t < r, has the following constituents: 



(1.31) ^0 = 00 and Fi = Vt, a nontrivial 0o-submodule of 0t, 
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(1.32) 

Fi = [Fi,Fi-i] and F^i = {y e Q-u \ [y, Fi] C F-i+i} = g^u (z > 1), 

(1.33) ^0 = Aniigo(Fi) = {x G go I [x,Fi] = 0}, 

(1.34) A^i = {xe 5-it I [x, Fi] C A_i+i} for i > 1, 

(1.35) F = F{Vt) = Fj and A = A{Vt) = A^i, 

j i>0 

(1.36) S = 'B{Vt) = F{Vt)/A{Vt). 

Remarks 1.37. When t > [r/2j, the algebra 23(14) constructed in 
(1.31)-(1.36) has height one and is 1-transitive by Proposition 1.24. By 
assigning 'B(Vf) the opposite grading where !B(14)_i is set equal to !B(T4)i, 
we obtain a depth-one, transitive algebra, which is irreducible if and only 
if the module Vt is irreducible. When speaking about HiVt) in subsequent 
sections, we always assume it is graded with the opposite grading and hence 
always regard it as a depth-one algebra. 

1.5. The local subalgebra 

There is yet another subalgebra of a graded Lie algebra g = Qi 
which plays a prominent role. This is the subalgebra of g generated by 
the local part g_i flo ® 0i- Thus, 

r' 

(1-38) 9 =0 ft 

i=—q' 

where flj = 0i for i = -1,0, 1, 0_j = [0_j+i,g_i], and g^ = [gi-i,gi] for 
all i,j > 2. 

Proposition 1.39. LetQ be the Lie algebra generated by the local part 
Q-i © 00 ffi 01 of the graded algebra g. Set A" = ^jAj where AZ^ = 
for i > and A^ = {y £ 0i I [j/iS-i] ^ •^i^-i} fo''^ i > 0. Similarly, let 
•A^ = 0j -^t ^^^'"^ -^t = Ofori>Q and A^i = {y € Q-i \ [y,9i] ^ ■^-i+i) 
for all i > 0. Then ^/A~ is transitive and 'q/A'^ is 1-transitive. Thus, g 
is transitive (1.2) (respectively, 1-transitive (1.3)j if and only if A~ = 
(respectively, A'^ = Oj. 

Proof. The statements about the transitivity of 0/^1" and the 1-transitivity 
of 0/yi+ follow directly from Propositions 1.20 and 1.24. Now if y G 0i for 
some i > 0, then y G A^^ if and only if (ad0_i)*+^(?/) =0. If is transitive, 
then (ad 0-1)*+^ (y) = gives y = 0. Thus, transitivity (1.2) implies A~ = 
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for all i > 0. Conversely, when = for all i > 0, then g = g/A is 
transitive. Similar arguments yield the other assertions. □ 

1.6. General properties of graded Lie algebras 

In this section we will derive some very general properties of graded Lie 
algebras g = 0[=_g Qi which satisfy 

(1.40) (i) is irreducible (1.1) and transitive (1.2); 

(ii) M(0) = O; 

(iii) 9- is generated by fl_i; and 

(iv) g is finite-dimensional over a field F of characteristic 2, 3. 

Our first objective will be to show that transitivity holds in all of g\g-q. 
Hence we prove for any x £ g \ g^g that [x, 0_i] 7^ 0. We may assume x = 

+ - • ■+Xj, where Xi G 0i for all i, and Xj 7^ 0. It follows that [xj, 0_i] = 0. 
As is assumed to be transitive, we may suppose —q + 1 < j < —1. Then 
since 0_ is generated by 0_i, 

J-= (ad 0+)'=(ad goYxj 

fc/>0 

would be a graded ideal of 0. But j > — g + 1, so J cannot contain the 
unique minimal graded ideal J, to contradict Lemma 1.16. Thus, we have 
demonstrated the first part of the next result. 



Lemma 1.41. Suppose g = 0j=_g0j is a graded Lie algebra satisfying 
(i)-(iii) of (1.40). Then the following hold: 

(a) If X £ g\g-q, then [x,0_i] / 0. 

(b) g-q is an irreducible go-module. 

(c) // K is an ideal of g and K n (0_i © 0o © 0i) 7^ 0, then if D 0_ . 

Proof. For (b), note that similar to the argument above, if M is any proper 
00-submodule of 0-^, then 

J:=Y. (ad 0+)'(ad gofM 

k,e>o 

is a graded ideal of 0, which fails to contain 0-^, hence fails to contain the 
unique minimal graded ideal J. To establish (c), observe that when K is 
an ideal such that K n (0_i ® 0o © 0i) / 0, then by transitivity (1.2), 
K n 0_i 7^ 0. By irreducibility (1.1), K n 0_i = 0_i, and since 0_ is 
generated by 0_i, K must contain 0_. □ 
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Suppose now that V-t is any irreducible go-submodule of Q-t, where 
q/2 < t < q. (For example, V-q = Q-q is a choice we have in mind in view 
of Lemma 1.41 (b).) As in (1.25)-(1.30), 

(1.42) F = F{V-t) = Fi, where F_i = V-t, 

i>-i 

F-j = [-F_i,F_j+i], and Fi = Qu for i > 0, 

(1.43) A = A{V-t) = Ai, where A_i = and 

i>-l 

A = {y G F, I [y,F_i] C Ai_i} for i > 0, 
£ = S(y_t)=0B, = F/A 

i 

The algebra satisfies (1.1) (irreducibility) , (1.2) (transitivity), and (1.17). 
Note that Aj = {x G Qjt \ (ad V-tV+^x = 0}, and "Bj <^ Aj ^ Fj <^ 
(ad V-ty~^^9tj / 0. In particular, 

(1.44) 'Bi=^o^ (adV-tfgt^O. 

Next we will set F = F{Q_q), A = ^(fl-g), and S = 'B(0_g) = F/A = 
0^ Sj, and we will argue that !Bi 7^ when q < r. But to accomplish this, 
we require some additional information about the action of ad Q-q on the 
various spaces Qi. Clearly, ad Q-q acts nilpotently on q. 

Lemma 1.45. Suppose g = ©j=_g5j is a graded Lie algebra satisfying 
(i)-(iii) of (1.40). Let"] = ©j=_g he the unique minimal graded ideal of g 
as in Lemma 1.16, and assume £ > satisfies iq — q < s. Then (ad 0-q)^J = 
if and only if (ad Q-q^Jj = for some j such that iq — q < j < s. 

Proof. What is being asserted in this rather technical lemma is that if 
(ad Q-qY^j = for some j > £q—q (i.e., j is large enough so that (ad g^qYJj 
= is not an automatic consequence of having —£q+j < —q), then (ad Q-qY 
annihilates 3. To see this, suppose that 

(ad g-qY^ij = 

for some j such that iq — q < j < s. Then it is necessary to show that 
(ad 0-g)^J = 0, which we will do by proving that (ad g-qY'Jk = for all k 
with —q<k<s. Indeed ii —q < k < iq — q, then (ad g-qY'Jk ^ dk-qi = 0- 
To prove the result for iq — q < k < s, we distinguish two cases: (1) iq — q 
< k < j and (2) j < k < s. 

In case (1), we have by assumption and Lemma 1.16 that 

= (ad g-i)^-'=(ad g.qY^j = (ad g-g)^(ad g-iy-% = (ad g^qY^k- 
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(ad fl-i)'=-^(ad g-g)\ = (ad g-,)^(ad = (ad g_,)^J, = 

must hold so that by Lemma 1.41 (a), (ad Q-qYJk = 0. The other direction 
is obvious. □ 

In view of (1.44), showing Si / for B = !B(g_q) is equivalent to 
showing that (ad g-q^Qq ^ 0. As a starting point we have 

Lemma 1.46. Under the assumptions of (1.40), (ad Q-qPj / for 
< i < 5; where "J = is the unique minimal graded ideal of Q 

as in Lemma 1.16. In particular, since Q is irreducible, [Q-q^Jq-i] = 0_i 
whenever s > q — 1. 

Proof. If (adg_q)Jj = for some j, < j < s, then by Lemma 1.45 (with 
(. = 1), wc have (ad0_g)J = 0. Since g_ is assumed to be generated by g_i, 
and since [5_i,0_|_] C J, it follows that 

^(ad 0+)^J_, 

i>l 

is an ideal of q not containing J_g = and hence properly contained in 
J, to contradict the minimality of J. □ 

Remark 1.47. To complete the proof that !Bi / for S = '^{Q-q) when 
q < r, we use the notion of a weakly closed set. Recall that a subset £ of 
the endomorphism algebra End(H^) on a vector space W over F is weakly 
closed if for every ordered pair {x,y) € there is a scalar f{x,y) G ¥ 
such that xy + f{x, y)yx G £. If £ is nil (that is, every x G £ is a nilpotent 
transformation), then the associative subalgebra of End(T^) generated by £ 
is nilpotent (see [J, p. 33]). 



Lemma 1.48. Let U and V be go-submodules of g such that [U.V] C go 
and [U, [U,V]\ = 0. Let M be a go-submodule of g. Then the following are 
true: 

(i) adM[t^! y] '■= {ad [^i ^ll^ I ^ U,v G F} is a weakly closed subset 
o/End(M). 

(ii) If ad m[U,V] consists of nilpotent transformations, then the asso- 
ciative subalgebra o/ End(M) generated by adM[^^;^] acts nilpo- 
tently on M. If in addition M is an irreducible go-module, then 
[[U,V],M]=0. 
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Proof. Let ui and U2 be any elements of U, and let vi and V2 be any 
elements of V. Then we have 

[ad [■ui,i;i],ad [■U2,'y2]] = ad [[ui,vi],[u2,V2]] 

= ad [[[ui,fi],U2],f2] +ad [■U2, [[^i, ui], ■U2]] 

= ad [u2, [[ui,vi],V2]]. 

Since [ni,wi] E go and V is assumed to be a 50-submodule of q, it follows 
that [[ni, wi], W2] G 1^, so adM[C/, y] is weakly closed. Thus if adM[f^, ^] 
consists of nilpotent transformations, then the associative subalgebra of 
End(M) generated by adM[U, V] is nilpotent. But then Ann^^ ([[/, V]^ 7^ 0. 
Since AnnM([C^, V]) is a go submodule of M, it must equal M whenever M 
is irreducible, implying [[[/, F], M] = in this case. □ 

In the next sequence of results, as in Lemma 1.48, we adopt the notation 
ady(C/) (respectively adyu) to indicate the restriction of adU (respectively 
ad u) to the subspace V. 

We now have the requisites for showing that "Bi ^ when q < r for "B = 
!B(g_q), or equivalently, that (ad g_q)^gq 7^ when g is finite-dimensional. 
Suppose to the contrary that (ad Q-q^Qq = 0. If g < s. Lemma 1.45 
(with i = 2) implies that (ad Q-q^J = 0. If instead s < q, then because 
r — 1 < ,s < q < r, we must have s = r — 1 = q — 1, so again we have 
(ad g-g)^3 C Q-q-i © g-g-2 © • • • = 0. In any event, for all y G g_g and 

= (ady)2(adz)2g_i = 2(ad [y,z]fg-i, 
because g_i = J_i and [g_5,g_i] = = (adg_q)^CI. Since by Lemma 1.48 
(i), 

Y := {ad g_,[y,z] \ y G g.,,, z G gj 
is a weakly closed set, and since it consists of nilpotent transformations of 
g_i, the associative subalgebra of End(g_i) generated by Y acts nilpotently 
on g_i. As g_i is go-irreducible. Lemma 1.48 (ii) implies that [[S-q, Qq], Q-i] 
= 0. By transitivity (1.2), [g_q, g^] = 0. Thus, [g-g, Jg-i] C [g_g, [g-ijg^]] = 
0, to contradict Lemma 1.46. Thus, we have established 

Lemma 1.49. Suppose q is a graded Lie algebra satisfying the conditions 
of (1.40). If q < r, then (ad g-gj^g^ 7^ 0. Consequently, "Bi ^ for 
S = S(g_,) = e,Si. 

Our next goal is to prove when q > 2 that "B'l is nonzero for IB' = 
lB(y_g+i), where ^-g+i is any irreducible go-submodule of Q-q+i- This will 
require some results showing that annihilators in go of pairs of spaces Qj 
and gj+i intersect trivially. In fact, we prove a slightly more general result. 
For — g < j < r — 1, let V^+i be any nonzero go-submodule of g^+i, and set 
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Q = AnngQ(Jj) n AnngQ(l^_|_i). Under the assumption Q / 0, transitivity 
(1.2) and irreducibility (1.1) force =g-i. Then 

[5-i,Vj+i] = [[Q,Q.i],Vj+i] = [Q, [0-i,y,+i]] C [Q,3j] = 

to contradict transitivity (we have used the inclusion 0_i C 3). Conse- 
quently, we have 

Lemma 1.50. Assume q > 2 and the hypotheses of (1.40) hold. If 

Vj+i ^ is a QQ-submodule o/g^+i for some j such that —q < j < r — 1, 
then AnngQ(Jj) n AnngQ(\^_|_i) = 0. 

Lemma 1.51. Under the assumptions of (1.40), if q>2 and V-q^\ ^ 
is a Qo-submodule o/g_g+i, then Anug^. (fl_q) n Anug^. (F_q+i) = for all j 
such that < j < r — 1. 

Proof. Suppose N := Anng^.(0_q) n Anug^. (y_q+i). Then 

[s_5,[g_i,iV]] = [0_i,[0_„iV]]=O. 

In addition, we have that [F-q+i, [fl-i, N]] C N] +[g-i, [V^q+i, 

N]] = 0. Hence [fl-i, iV] C Anng._^(0_g) n Ann0^_^(y_y+i). Repeating 
this argument j — 1 times, we determine that (ad0_i)-'A^ C Anng,)(0_g) n 
AnngQ(y_q_|_i), which is zero by Lemma 1.50. By transitivity (1.2), = 
as claimed. □ 

In order to show that "B'l ^ where !B' = !B(y_g+i) for some irreducible 
00-submodule V-q^x of 0-^+1, it will suffice to argue that (ad F_q+i)^05_i 
^ (compare (1.44)). At this stage we can prove 

Lemma 1.52. With assumptions as in (1.40), if q > 2, then 
Anngg_^(y_q_l_i) = for any irreducible Qo-submodule T^-g+i o/0_g+i. 

Proof. Set N := Allng^_^{V-q-^-l), and assume that / 0. Then, by 
Lemma 1.51, [Q-q,N] ^ 0, and so by irreducibility (1.1), [g-q,N] = 0_i. 
But then 

[0_i, = [[0_„ N], = [0_„ [A, V.q+i]] = 

to contradict Lemma 1.41 (a). □ 

From Lemmas 1.41 (b) and 1.46, wc know that Q-q is an irreducible 
00-inodule and that 0-^ = [0-5, 0o]. An analogous statement holds with 0j 
in place of 0o under some mild assumptions. 

Lemma 1.53. Suppose q is a graded Lie algebra satisfying the conditions 
of (1.40). If 2 < q <r, then Q-q+i = [S-q, 0i] for all i such that <i < q—l. 
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Proof. We may assume that i > 0. When q < r, then by Lemma 1.46 
[9-g,0g-i] = 0-1- Since is generated by we have 

g.g+i = (ad0_i)'^-'-i(0_i) 

= (ad0_i)''-»-i[0-„0,-i] 

= [0-g,(adg_i)5-*-^05_i] C [3_g,0j]. □ 

We now have the tools for showing when 3 < q < r that "B'l is nonzero 
for B' = !B(y_5+i) and F-^+i any irreducible 0o-submodule of 0-q+i. 



Lemma 1.54. Assume q is a graded Lie algebra satisfying the conditions 

of (1.40), and suppose further that 3 < q <r. LetV-qj^i he an irreducible Qq- 
suhmodule o/0_q+i. ThenT)'^ for'B' = !B(y_q+i) = ©jS^, (equivalently 

[y_,+i,[y_,+i,0,_i]]/o;. 

Proof. Suppose to the contrary that 0g-i]] = 0. Then it fol- 

lows from that and Lemma 1.48 (i) that Z := {adg_^ [y, z] | y E V-qj^i, z G 
0g_i} is a weakly closed subset of End(0_g). First we suppose that 

(1.55) (ad y)3(ad zf^.^ = 

for all y G V-g+i and all z G 0g-i. Since [0_q+i,0_g] = 0, our initial as- 
sumption now implies that = (ad y)^(ad z)^Q-q = 6(ad [y,z])^Q-q. Then 
Z consists of nilpotent transformations, and the associative subalgebra of 
End(0_q) generated by Z acts nilpotently on 0_y. As 0_|j is 0o-irrcducible, 
it follows from Lemma 1.48 (ii) that [g-q, [F-g+i, 0q_i]] = 0. However then, 

= [0-?. [^-g+l,09-l]] = [V-q+l, [0-g,09-l]] = [^-g+l,0-l] 

to contradict Lemma 1.41 (a). Thus, assumption (1.55) has led to a contra- 
diction, so we have from Lemma 1.41(b) that 

Q-q = (ad Vl<;+i)^(ad Qq-lfg^q. 
Note that V-q-^i commutes with 0-^+2 because g > 3. By Lemma 1.53, 

^ 0-g+l = [01,0-q] = [01, (ad V-q+lf{ad Qq-lfg-q] 

C (ad V-q+ifgq-i 

contrary to our initial assumption. Thus g^-i]] 7^ 0, as as- 

serted. □ 
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1.7. Restricted Lie algebras 

Recall that a Lie algebra L of prime characteristic is restricted (sec [J, 
Chap. V, Sec. 7] or [SF, Sec. 2.1]) if it has a mapping [p] : L — > L, a; i— >■ 
satisfying 

adx^P] = {s.dxY 

(1.56) (Cx)tf] = ex^^ 

p-i 

i=l 

for all X, y G L, ^ G F, where Si(x, y) is given by 

p-i 

(ad {tx + y)Y-\x) = f-'isiix, y) 

•4 = 1 

in F[t](g)FL (tensor symbols are omitted in writing elements). The summands 
Si{x,y) are commutators in x,y. 

The inspiration for the notion of the [p]-mapping comes from the ordi- 
nary pth power in an associative algebra. Indeed, elements X and Y of an 
associative algebra satisfy 

p-i 

(1.57) {tx + yy = t^XP + YP + Y^ fsi{X, Y) 

i=l 

where t is an indeterminate as above, and Si{X,Y) is a polynomial in X,Y 
of total degree p. Differentiating both sides with respect to t gives 

p— 1 p— 1 

^(iX + Yf-^-^X{tX + Yy = J2 t'~^isi{X, Y). 

j=0 1=1 

Now because the relation ( . 1 = (— l)-* holds in characteristic p, and 

because ad {tX + Y) is the difference of the left multiplication and right 
multiplication operators of tX + Y which commute, we have 

(ad {tx + Y)Y~\x) = J2[ ■ j + Yy-'^-^x{tx + Yy 

p-i 

= Y.^tx + Yy-^-^x{tx + Yy 

j=o 

p-i 

= Y.t'-Hsi{X,Y), 

i=l 



16 



1. GRADED LIE ALGEBRAS 



which is the analogue of the above equation in the associative setting. 

A representation q : L 0'(^) of ^ restricted Lie algebra (L, [p]) is said 
to be restricted if q{x^^) = g{x)P for all x E L. In particular, the adjoint 
representation of L is restricted by (1.56). The next result is apparent for 
any restricted representation, but in fact it holds for any representation of 
a restricted Lie algebra. 

Proposition 1.58. (Compare [WK].) Let g : L ^ qK^) be any rep- 
resentation of a restricted Lie algebra {L, [p]). Then 

{Qix + y)Y - q{{x + = {g{x)Y - eix^Pl) + {e{y)Y - ^(yW) 
for all x,y € L. 

Proof. For elements x and y of a restricted Lie algebra L, we have from 
(1.57) with X = q{x), Y = g{y), and t = 1, 

p-i 

(1.59) {Q{x + y)y = {eix)Y+{Qiy)Y + ^s,{eix),Q{y)) 

k=l 

= {eix)Y+{eiy)Y + 6(j2'^^^'y^y 

But from (1.56) it follows that 

(1.60) g{{x + y)^^)=Q{x^^) + g{y^^) + Q^^s,{x,y)^ 
Subtracting (1.60) from (1.59), we obtain the desired relation. □ 

Remark 1.61. Assume F is an algebraically closed field of characteristic 
p > 0. For any x in a restricted Lie algebra L over F, the clement x^ — x^^ 
is central in the universal enveloping algebra lt(L) of L. This can be readily 
seen from the fact that adx, when applied to ii{L), is the difference of the 
left and right multiplication operators of x on ii{L) and so 

= {adxf -ad{x^^) = {L^-R^y -ad (x^^) 

= iL,r-{R,r-ad{x^^) 

= L^v - Rxv - ad (xb'l) = ad {x^ - x^^) . 

This result leads to two important consequences. The first is that if L is 
finite-dimensional, then every irreducible L-module is finite-dimensional (see 
for example, [SF, Thm. 2.4]). The second is that — x^^l must act as a 
scalar on any irreducible representation q : L 0'(^) (hence of il(L)) 
by Schur's Lemma. Let % : L — F be such that 

(1.62) q{xY - q{x^'^) = q{xP - xlfl) = x{xT id 
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for all x € L. Then it follows from Proposition 1.58 that x is linear. Often 
X is referred to as the p-character of q. The representation g is restricted 
precisely when % is identically zero. 

Subsequent sections of this chapter will be devoted to showing that un- 
der certain hypotheses on a graded Lie algebra g = 0j=_5 0j, the adjoint 

representation of Qq^ := [qo,Qo] on each homogeneous component g_j for 
J > 1 is restricted. Although a homogeneous component 0_j may not be an 

irreducible ^q^^ -module, nonetheless it will be shown to have a p-character. 
Our plan of attack will be to demonstrate that these p-characters are zero. 
This will be a consequence of the main theorem on restrictedness (Theorem 
1.63), which we discuss next, and of Lemma 1.65 below. 

1.8. The main theorem on restrictedness (Theorem 1.63) 

With these preliminaries at hand, we turn our attention now to this 
chapter's main goal, which will be to prove 

Theorem 1.63. Suppose g = ©[=_q0i is a finite- dimensional irre- 
ducible, transitive graded Lie algebra over an algebraically closed field F of 
characteristic p > 3 such that [gi, [g_i,gi]] ^ and go is a direct sum of 
ideals, each of which is one of the following: 

(a) abelian, 

(b) a classical simple Lie algebra (including, possibly, psl^ with p \ n), 

(c) a Lie algebra isomorphic to sin, gt^; or pgl„ with p\n. 

Then the representation of := [go, go] on g_i is restricted. 

1.9. Remarks on restrictedness 

In Kac's version of the Recognition Theorem in [K2], the representation 
of 00 on g_i was assumed to be restricted. This hypothesis was shown to 
be unnecessary in the depth-one case in [G2] (see also [Gl] and [Kul]), 
and in [BG], which treated the arbitrary depth case for p > 5. Below we 
provide a new proof for p > 3 based on the ideas from [BG] and [G2]. Our 
proof will complete the original argument in [BG]. As shown in [BKK], 
the assumption on p in the statement of Theorem 1.63 cannot be relaxed 
even in the depth-one case. Here is a brief outline of how the argument will 
proceed. 

As 00 is classical reductive, the sum 0^ of the nonabelian ideals is a 
restricted Lie algebra under a certain natural [p]-mapping. For every x G 
0^^, (adx)P — adxl^^ must act as a scalar, say xi^Y^ on the irreducible 0o- 
module 0_i (compare Remark 1.61). The representation will be restricted 
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if the jo-character xi^) = for all x. First we prove that xi^) — for all 

X G [flo^jfllf] = [SO;0o] = 00^'* in the special case that the depth q of the 
graded Lie algebra equals one. Next we consider the depth-one Lie algebra 
©j>_i 9jq when g < r or the algebra ©j<i Qjr when q > r. We also need 
to work with the depth-one algebra 0j(q-i) for (/ < r or ©j<i 0j(r-i) 

for q > r. Applying the depth-one result to the quotients !B(0_g) and 
B(0_q+i) of the subalgebras 0j>_i 9jq and 0j>_i Sj{q-i), which come from 
Proposition 1.20, (or to their counterparts when q > r), and using Lemma 
1.41 (a), we conclude qxix) = and {q — l)x(a;) = for all x. This forces 
x{x) = for all x G so that the representation is restricted as asserted. 



1.10. The action of flo on g_j 

Henceforth in this chapter, we assume that g is a graded Lie algebra 
satisfying the hypotheses of Theorem 1.63. Since by assumption, is an 
irreducible 0o-module, any central element of 0o must act as a scalar on 
0_i by Schur's Lemma. By transitivity (1.2), the center can be at most 
one-dimensional. Consequently, there is at most one summand of type (a), 
and when such a summand exists, it is the one-dimensional center of go- In 
this case, no summands isomorphic to sin or g[„ with p \ n occur. Similarly 
there is at most one ideal isomorphic to sl„ or g[„ with p \ n, and if one 
occurs, there are no summands of the abelian type (a). 

Let t be the sum of the maximal toral subalgebras of the summands of 
go. Thus, t contains the abelian summand if one occurs, and t is a maximal 
toral subalgebra, hence a Cartan subalgebra, of go. The algebra go has a 
root space decomposition, go = t© 0agt*\{o} 0o relative to t, where 

00 = {ic G 00 I [t,x] = a{t)x for all t G t}. 

By [S, Lem. IL3.2], the root spaces of the summands, hence of go, are 
one-dimensional. This result will be important for us; it holds under our 
assumption on p but may fail in characteristic 2 or 3 (this can be seen, for 
example, by examining the roots of the Lie algebra psl^ in characteristic 3). 

It follows from [S, Lem. IL3.2] that the set of roots of go relative to t is 
obtained by mod p reduction from a genuine (reduced) root system $ in the 
sense of [H3, Chap. Ill] or [Boul, Chap. IV- VI] (see Chapter 2 below for 
more detail). Let A be a basis of simple roots in $. We say that a root a 
of go relative to t is positive (which we write a > 0) if a corresponds to an 
element from the positive subsystem of $ relative to A. A root is negative 
(a < 0) if —a > 0. We suppose that the vector Cq spans the root space 
gQ. For a > 0, we assume that the vectors ea,e-a, and ha ■= [ea,e-a] 
determine a canonical basis for a copy of s^. Thus, 
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In classical algebras, there is a 'standard' pth power map satisfying Ca = 
for all roots a, and ha^ = ha for all a > 0. (See Chapter 2 below.) Thus, 
when Q satisfies the hypotheses of Theorem 1.63, the standard pth power 
map on the various classical summands of go can be extended to the sum 
of the nonabelian ideals giving it the structure of a restricted Lie algebra, 
which we assume is fixed from now on. 

As in Remark 1.61, there exists a linear map X : 0^ ^ F such that for 
all X e g^, 

(1.64) (ada;)^' - adx^^'] = xixf^d 

on g_i. Now when g_j = [g_j_|_i, g_i] for all j = 1, . . . ,q, we may assume 
by induction that (ada;)*' — adx^^ = (j — l)x(a;)id on Q-j+i- Then since 
(ad xy and ad x^^ are derivations, it follows from applying (ad x^ — ad x^^ 
to g_j = [g_j+i,g_i] that (ada;)^ — adx^^l = jx(a;)^id on g_j. To summarize 
we have: 

Lemma 1.65. (Compare [BG, Lem. 1].) Assume g is a graded Lie 
algebra over an algebraically closed field F of characteristic p > 3 satisfying 
the conditions of Theorem 1.63. Let Qq be the sum of the nonabelian ideals 
of So. 

(i) Then there is a linear functional x on Qq such that (adx)^ — 
ada;[^l = x(a^)^id on g_i for all x E . 

(ii) If g-j = [g_j+i,g_i] for j = l,...,q, then (adx)^ - adxl^'l = 
jx(a;)^'id on g-j for all a; G g^. 

When g is a graded Lie algebra satisfying the conditions of Theorem 
1.63, the maximal toral subalgebra t of go is abelian, and so any finite- 
dimensional go-module M decomposes into weight spaces (common gener- 
alized eigenspaces) relative to t. Thus, if : go — > gi{M) is the corresponding 
representation and d = dimM, then M = ^xei* where 

= {v eM \ {ip{t) - X{t)id)'^v = for all t € t}. 

The functional A € t* is a weight of t on M if / 0. If t; G and 
{ip{t)-X{t)id) V = 0, then (^^(i) - (A a)(i)id)' x.v = for all root vectors 
X G go so that 

(1.66) gS^.M^CM^+". 

Moreover, the sum M' = 0;^g[^*(M^)' of the genuine eigenspaces (M'^)' = 
{v e M \ {ip{t) - A(t)id)t; = for all t G t} is a nonzero go-submodule of 
M. As a consequence, we have the following well-known result: 
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Lemma 1.67. On any (finite- dimensional) irreducible Qo-module, the 
maximal toral subalgebra t acts semisimply. 

1.11. The depth-one case of Theorem 1.63 

We begin tackling Theorem 1.63 by first proving it when the depth q = 1. 
Initially we show under the hypotheses of that theorem and the condition q = 
1, that the go-™odule 0_i possesses a common eigenvector for the adjoint 
action of the solvable subalgebra = i^B^^^QQQ of go (and by symmetry, 
a common eigenvector for the adjoint action of b~ = t © 0a>o 0o I^i the 
process of establishing this, we obtain valuable information about how root 
vectors of go act on g_i. 

Prom Lemma 1.67, we know that the maximal toral subalgebra t acts 
semisimply on g_i, say g_i = 0;ygt* S-i eigenspace (weight space) 

decomposition. We want to prove that for some A, there exists a nonzero 
V € Q'^i such that [x,v] = for all ,t G gg, a > 0. Such a vector v will 
generate g_i by irreducibility (1.1) and will be a common eigenvector for 
adb+. In particular, we show 

Theorem 1.68. Under the assumptions of Theorem 1.63 and the hy- 
pothesis that the depth q = I, the Qo-module g_i contains a common eigen- 
vector for b+ = t © 0^>o 00 ((^'^d by symmetry, for b~ = t © ®a>o 

Proof. Recall from Lemma 1.65 (i) that there is a linear functional x on 
the sum Qq of the nonabelian ideals such that (see (1.64)) (adx)^ — adx^^'J = 
x(x)^id holds on g_i for all x G g^. If a; G gp is a root vector of go, 
then x'^l = 0, and {adx)P = x(j;)Pid on g_i. If x(6a) = for all a > 0, 
then the subspace n"*" := 0q:>o So ^ algebra acting as nilpotent 
transformations on g_i, so it possesses a common eigenvector (compare 
Remark 1.47). As the space of those eigenvectors is invariant under adt, 
there will be a common eigenvector for adb"*" in g_i. We may assume then 
that xi^a) some a > 0. 

Let M be any irreducible go-submodule of gi. Then the product P := 
[g_i,M] is a nonzero ideal of go by transitivity (1.2). Recall that all root 
spaces of go relative to t are one-dimensional. Hence if P ^ t, then P 
contains a root vector, say. In this case G [So^i [0o''^'^7]] ^ ^ 
well. So it can be assumed further that 7 > 0. As the Lie algebra n"^ is 
nilpotent, the ad n'''-module generated by e-y contains a root vector eg (with 
d > 0) such that [n"'",e5] =0. If P C t, then each root of go relative to 
t vanishes on P. Since t is abelian, this shows that P is contained in the 
center 3(0o) of go- Since dim 3(9o) < 1; it must be that P = 3(0o) in this 
case. 

If P 2 t, we set e = es- If P C t, we take for e any nonzero element 
in 3(90) = P- In both cases, we let /? denote the weight of e (so that 
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(5 G {0,(5}). It follows from Lemma 1.67 that e G ^Aet* [0-i>Af^"^]- For 
some A, we must have [0^]^,M^~^] = Fe if /? is a root, because the root 
space is one-dimensional. Then e = [u,v\ for some u G Q^i, v G M^~'^. If 
/3 = 0, we may assume e has that form. By transitivity, [0_i,e] ^ 0, and 
since g_i is spanned by weight vectors, there exists w G q'^i for some ly such 
that [w, e] 7^ 0. 

Since the depth g = 1, we have [{ad Ca)'' (w) , u] = for all k > 0. For 
A; = 0, 1, ... ,p — 1 we set = [{ad Ca)'' (w) , v] and observe that Xk G g,Q^'^°' 
where rj = P — X + v. Since e commutes with and (adea)^([w, e]) = 
x(eQ,)^[u;, e], a nonzero multiple of [u;, e], it must be that 

[u,Xk] = [(ade„)'=H, [u,v]] = {ad Caf {[w , e]) / 

for all A; > 0. But then Qq^^'^ ^ iov k = 0,1, . . . ,p — 1. If ?7 is not a 
multiple of a, this is impossible, since root strings in classical Lie algebras 
have length at most 4. If 77 is a multiple of a, then all multiples ka for 
k = 1, ... ,p — 1 are roots, which again cannot happen for p > 3 (both 
statements follow from the Mills-Seligman axioms which characterize direct 
sums of classical simple Lie algebras; see Theorem 2.5 of Chapter 2 for more 
details). We have reached a contradiction, so we are forced to draw the 
following two conclusions: Under the hypotheses of Theorem 1.63 and the 
assumption q = I, 

x{x) = for all x e Qq and all a > 0; 

the 00-module g_i has a common eigenvector for ad b'^ 

By symmetrical arguments, 

x{x) = for all x G 0q ° and all a > 0; 

the go-™odule 0_i has a common eigenvector for ad b^. □ 



1.12. Proof of Theorem 1.63 in the depth-one case 

Recall, as in the proof of Theorem 1.68, that when g is a graded Lie 
algebra over an algebraically closed field F of characteristic p > 3 satisfying 
the hypotheses of Theorem 1.63, there is a linear functional x on the sum 
0Q^ of the nonabelian ideals such that (adx)^ — ada;!*'! = x{x)^^(^ holds on 
0-1 for all X G Qq. From our proof of Theorem 1.68 we know that x{x) = 
for all root vectors x of go when q = 1 . 

Suppose that e = G gg and / = e_a G gg " are such that they along 
with /t = [e, /] G t determine a canonical basis of SI2 as before. Then since 
exp(ade) is an automorphism of go (see Chapter 2 to follow for the details), 
the element /' = exp(ade)(/) = / + /i — eisa root vector relative to the 
maximal toral subalgebra t' = exp(ade)(t). As above, xif) = 0- Then 
from Proposition 1.58 we deduce that on g_i, 
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= (ad/'f -ad(/')W 

= (ad(/ + /i-e))*'-ad(/ + /i-e)[Pl 
= (ad f)P - ad / W + (ad hf - ad h^^ - (ad e)^ + ad e^^ 
= (adhf-adh^l 
Thus, x(/i) = 0. Since the elements e = Cq,,/ = e-a,h = ha, as a ranges 
over all the roots of Qq, span [00^,00*] — So^^ '^^ semilinearity 
of the [p]-mapping in (1.56) to see that the representation of Qq^^ on g_i is 
restricted. Consequently, we have proven 

Lemma 1.69. If q = 0[=_i Qi is a depth-one graded Lie algebra over an 
algebraically closed field of characteristic p > 3 satisfying the assumptions 
of Theorem 1.63, then the representation of q'^^ on g_i is restricted. 

Remark 1.70. If M is an irreducible go-module, which is restricted as 
a 0Q^^ -module, then M is already irreducible over Qq^^ Indeed, let il[p](n~) 

denote the restricted enveloping algebra of n~ := ©a>o0o"' ^'^'^ 
the augmentation ideal of il[p](n^). It is well-known (and easy to see) that 
J is the Jacobson radical of il[p](n~). Clearly, the subspace JM is t-stable. 
By Nakayama's lemma, J.M ^ M. Let vq be a common eigenvector for 
b+ = t©n+ in M, and let A G t* be the weight of t;o- Since M = ilW(n")i;o 
by the irreducibility of M, we have vq ^ JM. It follows that JM has 
codimension one in M. Let Mq = {v e M \ n'^ v = 0}. The subspace 
Mq is t-stable, hence decomposes into weight spaces for t. If // 7^ A, then 
Mq C JAI, and hence ii^p-^{n^)MQ is a go-submodulc of M contained in 
JM. Therefore, Mq = M^. If dimMo^ > 1, then (n" ) (Mq^ n JM) is a 
nonzero go-submodule of M contained in JM. Since this contradicts the 
irreducibility of M, we derive that Mq = ¥vq. As n+ C q^q \ every ^q^^- 
submodule N oi M must contain vq. But then A'' D lL^j{n~)vo = M, to 

show M is irreducible over ^q^-* . 

1.13. Quotients of go 

In demonstrating Theorem 1.63 for arbitrary depths, we will require 
some knowledge about quotients of go- 

Lemma 1.71. Suppose g = gi is a graded Lie algebra satisfying 

the hypotheses of Theorem 1.63, and let Aq be a nonzero ideal of Qq. Then 

the following are true: 

(i) // dim 3(go/^o) < 1; then the Lie algebra Qq/Aq is isomorphic to 
a direct sum of ideals of type (a), (b), (c); 
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(ii) Any solvable ideal of Aq is contained in 3(0o)- 

Proof, (i) Wc know that go = 0i=iflo') where each 0q' is of type (a), 
(b), or (c). Let VTj denote the canonical projection from go onto gg^ for 
1 < i < i. We may assume after possibly renumbering that for some k > 
we have 7ri(^o) 2 3(0o') ii i < k and 7ri(Ao) C 3(go^) ii k < i < i. Since 

3(0o') C 3(go)) and any noncentral ideal of Qq^ contains (go')^''^^ it must be 
that 

(1.72) (gfV^)e---e(gfl)W c Ao cgW©...®gf]©3(gr^l)e...®3(gf]^^ 

Set K := (gW)(i) © ■ • • © (gf])(i). For each i, let r?, : gfl ^ 5^^/(5^^^ be 
the canonical map, and set = Yli=i '>li°''^i Ylt=k+i Then 

\i=l / \t=k+l J 

and the kernel of is i^, so there is an induced isomorphism tp : Qq/K ^ Q. 
NowifS:=ef=ig!;V(0!;')^'\then 

R := ^{Ao/K) C 5 © 3(0^'') ® ■ ■ ■ ® 3(0?) = 3(Q). 

Thus, 

e. 

{Q/R)/{m/R) = Q/m = © 0?/3(0?), 

t=k+l 

which is semisimple and is the direct sum of ideals of type (b) or (c) (only 
pgl„ with p I n is possible in case (c)). As 3(Q)/-R ^ 3(Q/-R), we must have 
equality, 3(Q)/-R = 3(Q/i?). 

Now go/Ao ^ (go/i^)/(^o/i^) = Q/R, so if dim3(goMo) < 1, then 
dim'5{Q)/R < 1. In particular, ii R C S, then go Mo ^ Q/R ^ S/R © 
0t=A;+i0o^! which is the sum of ideals of type (a), (b), or (c). li R <^ S, 

then we can write R = {R n S) ®¥{s + z) where s e 5, z G 3(00^ = 
3(00) (see the comments in Section 1.10) for some and z 7^ 0. Moreover, 
Q = {Rr\S)®¥{s + z)® ¥s' © 0f 

=k+i 00 fo'^ some nonzero s' & S. Thus, 

qq/Aq = Q/R = ¥s' © 0^=jt_|_i gj)*' , which is a direct sum of ideals of type 
(a), (b), or (c). 

(ii) With notation as in the proof of (i), observe first that A^^^ = K = 
©i=i(0o¥^^- Now let J be a solvable ideal of ^o- Then [J,Aq\ is a solvable 
ideal of A^q\ Since each nonzero (00')*^^-' is nonsolvable, and any proper 
ideal of (gg')^^^ lies in 3(0o)) we obtain [J, Aq] C 3(0o)- Then 7rj(J) is a 
subalgebra of satisfying 

W{J), (0!iV'^] C 7r,([J,^o]) C 3(0o) n 7ri(J). 
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It is easy to see that Qq contains a maximal toral subalgcbra t'*! such that 

(1) (tH)' := t[*l n (g]}')^^) is a maximal toral subalgebra of (flf^j^^^; 

(2) any root space of (gg')*^^^ relative to (tW)' is one-dimensional; 

(3) no root vector of (flo')'-^-* relative to (tW)' is central in gj,*'; 

(4) 0?=tW + (0?)«. 

Decomposing 7ri(J) into weight spaces relative to (t'*])', one observes readily 
that 7rj(J) C tW. From this it follows that 7rj(J) is a solvable ideal of Qq\ 
Then 7ri(J) C 3(flo) by our remarks earlier in the proof. But then J C 3(0o)) 
as desired. □ 



1.14. The proof of Theorem 1.63 when 2 < q < r 

Having established our result in the special case of depth-one Lie alge- 
bras, we turn our attention now to graded Lie algebras g = 0[=_g Qi with 
q > 2 satisfying the requirements of Theorem 1.63. In analyzing such Lie 
algebras, we will make extensive use of the depth-one graded Lie algebras 
!B(0_q) and ^(y^q+i) described in Section 1.4. 

Suppose now that q = ^j^_gQj is a graded Lie algebra with q > 

2 satisfying the assumptions of Theorem 1.63. Replacing q^j by q-'_^ = 

(adg_i)-'^^ Q-i forj = 2, . . . ,q if necessary, we may suppose that g_j = q-'_^. 
Moreover, factoring out the Weisfeiler radical M(0) we may assume also that 
^(s) = (compare (ii) of Proposition 1.8). Neither of these steps alters 
the local part 0_i © 0o © 0i (hence the assumptions of transitivity (1.2) and 
irreducibility (1.1) are still intact as are the constraints on Qq). In this 
section we will suppose that q < r. 

By Lemma 1.41 (b) we know that 0-^ is an irreducible 0o-module. More- 
over, if F = F(0_,) = 0.>_i and S = B(0_,) = 0^>_i = F/A, then 
by Lemma 1.49, Bi ^ 0. As Bq = Qo/Aq, it follows from Lemma 1.71 that 
all the conditions of Theorem 1.63 are satisfied by the depth-one algebra 
S. Therefore, we know from Lemma 1.69 that {adb)P — ad^'^l = on B-i 
for all b G 'Bg^-', or equivalently ((ada;)^ — adx^) (0-g) = for all x G 
But (adx)P — adx'^1 = qxixY'id on 0_g by Lemma 1.65 (ii), so either g = 
mod p or x(^) = foi' ^ £ 00^'' • If <? ^ mod p, then x(^) = 0; 
and we have our desired conclusion that the representation of 0q^'' on 0_i 
is restricted. We will assume then that q = mod p. Since we are also 
supposing p > 5, we have g > 5 (in fact q> 3 will suffice for our purposes). 

Now wc let V-q^i be an irreducible submodule of the 0o-module 0-^+1. 
Applying Lemma 1.54 (which assumes 3 < g < r), we determine that 
(adVLg+i)20g_i 7^ and hence B'^ for B' = B(F_<j+i). In view of 

Lemma 1.69, it follows from this that {q — l)x(x) = for all x G 0q^^. 
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But we are assuming q = mod p, so x(a;) = for all x € flg . As a 
consequence, we have established 

Lemma 1.73. Let g = ©[=_g0i be a graded Lie algebra satisfying the 
hypotheses of Theorem, L63, and assume q < r. Then the representation of 
00^^ — [QOiQo] on Q-i is a restricted representation. 

1.15. The proof of Theorem 1.63 when q > r 

As in the argument above, in order to show has a restricted action 
on g_i, it suffices to work with the subalgebra of g generated by the local 
part 0-1 © 00 © 01 of 0. We may suppose = 0[=_g/ 0i where 0_g/ ^ 
and 0,./ 7^ 0, 00 = 00, and Q±i = (0±i)* for i > (compare (1.38)). Then 
if we factor out the Weisfeiler radical of (contained in X]j<-2 0i)' ^'^ 
not affect the local part of nor do we alter the action of ad 0o on 0_i 
or the transitivity (1.2). Under these assumptions, is 1-transitive in its 
negative part by Lemma 1.12. With these reductions, we may suppose that 
the following holds. 

1.16. General setup 

(i) = 0i=-g 0i is a transitive, irreducible graded Lie algebra gener- 
ated by its local part 0_i © 0o © 0i; 

(ii) M(0) = 0; 

(iii) q > r; 

(iv) is 1-transitive in its negative part (i.e., [0i,x] = for x G 0_ 
implies x = 0); 

(v) the unique minimal ideal is J = 

(vi) 00 is the sum of ideals satisfying (a)-(c) of Theorem 1.63; and 

(vii) [[0_i,0i],0i] 7^0. 

Our implicit assumption in all subsequent results in Section 1.16 is that 
(i)-(vii) hold. 

Lemma 1.74. We have AnngQ(0i) = so that is 1-transitive, and 
s > 0. 

Proof. Suppose that Q := AnngQ(gi) / 0. By transitivity (1.2) and ir- 
reducibility (1.1), [0_i, Q] = 0_i. Therefore, [0-i,0i] = [[0_i,Q],0i] = 
[[0_i, 0i], Q] C Q. But then [[0-i, 0i], 0i] = contrary to assumption 
(vii). This gives Q = 0, which in conjunction with (iv) shows that is 
1-transitive. Now if s = 0, then po5 0i] C J n gi =0, hence Jo = 0- Since 
^ [0-1, 0i] C Jo, this is impossible. This demonstrates that s > must 
hold. □ 
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Lemma 1.75. n J = i/ and only if Qr is a trivial [q-i, gi]-module. 
In this case, [gi, J^-i] = and J^-i is a nontrivial [q-i, Qi]-module. 

Proof. From Lemma 1.16 it follows that the unique minimal graded ideal 
J of satisfies J_j = g_i, 1 < i < q, and "Jj = [g_i, Jj+i], —q < j < r — 2. 
Now if flr n J = 0, then since g_i C J, 



so that Qr is a trivial [g_i, gi]-module. Conversely, if g,- is a trivial [g-i,gi]- 

module, then Yli>i (^^ g_i)*gr is an ideal of g contained in 3, which by 

minimality must equal 0. Consequently, 5 H g^ = 0. 

Now if gr is a trivial [g_i, gi]-module (equivalently, if g^ n J = 0), then 
J2i>i (ad g_i)*gr = J as noted above, to force J^-i = [S-i;0r]- As a result, 
[gi,3r-i] = [gi, [g-i,gr]] = [[0i,0-i],0r-] + [0-i, [0i,0r]] =0. If happens 
to be a trivial [g_i, gi]-module, then we would have 



= [[g-l,gi],ar-l] = [[0-1, 0l], [0-1, 0r]] = [[[0-l,0l],0-l],0r] = [0-1, 0r] 

by the transitivity (1.2) and irreducibility (1.1) of g, to contradict transitiv- 



We can use the 1-transitivity established in Lemma 1.74 to argue that 
annihilates no nonzero element in g<o. In fact, we can prove a somewhat 
stronger result. Let M be any graded go-submodule of g such that [gi,M] 
= 0. By 1-transitivity, M C g_|_. Suppose that [M, x] = for some nonzero 
X G g_. Clearly, M annihilates each of the homogeneous summands x-i 
€ Q-i of X. For any j such that x^j ^ 0, set iV_j := {y € g_j | [M, y] = 0}, 
which is a nonzero go-submodule of g_j. Then by Section 1.16 (iv). 



contrary to the definition of N^j. Consequently, Anng_(M) = 0. In view of 
Lemma 1.75, we have proven 

Lemma 1.76. If M is any graded QQ-submodule of q such that [M, gi] = 
0, then Anng_(M) = 0. In particular, Anng_(gr) = 0. If Qr is a trivial 
[Q-1, Qil-module, then Anng_(Jr_i) = 0. 

We now want to show 



[[0-i,0i],0r] ^ Po,3r] c g^ na = 0, 



ity. 



□ 



A^_,-,M] = [g_i,M]^0, 



Lemma 1.77. Suppose Mj is a Qo-submodule of qj with < j < q, such 
that [[g_i,gi],Mj] and [gi,M,] = 0. Then [Mj, [Mj,g_j]] 0. 
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Proof. First we observe that 

[M„(ad Qiy-^-'Q-,] = (ad ([M„0_,]) =g_i, 

thanks to Section 1.16 (iv) and Lemma 1.76. Therefore, 

O/[[0_i,0i],M,-] = [[[M,-,(ad0i)''-^'-i0_,],0i],M,] 
= [M,-,[M,-,(ad0i)^~^'0_,]] 
C [M,,[M,,0^,]]. □ 

Lemma 1.78. We have [3s, Ps,fl-s]] 

Proof. If 0r n [J 7^ (and hence s = r), then by Lemma 1.75, Qr is a 
nontrivial [0_i, 0i]-module. Since < r < g, we then apply Lemma 1.77 
with Mj = Qr to conclude that [0^, [0r,0-r]] / 0- On the other hand, if 
0r n J = 0, then by Lemma 1.75, [0i,5r-i] = and J^-i is a nontrivial 
[0_i, 0i]-module. Furthermore Q'>r— l = sin this case, and s > by 
Lemma 1.74, so Lemma 1.77 applies with Mj = Jr-i = ^s- Thus, we deduce 
that in any event [Og, Ps,S-s]] / 0. □ 

Recall we are assuming that is generated by its local part. Because 
[flij Js] ^ ^s+i = 0, it follows that any 0o-submodule Rg of "Jg generates an 
ideal 

J := ^(ad Q.iYRs 

i>0 

which is contained in 3. By the minimality of 3, it must be that J = J, so that 
3s = Rs', i-c, 3s is 00-irreducible. Thus, in view of Lemma 1.78, we can apply 
Lemma 1.69 to conclude that the representation of 'B(3s)'^^ on 'B{3s)-i is a 
restricted representation. Since we are also assuming that g is transitive, the 
00-module gi is isomorphic to a go-submodule of Hom (g_i, go) = gli 'S>v 0o- 

From this it follows that for every x G 0q^\ the endomorphism (ad x)^ — 
ad acts on gi as — x(a;)^id. But then (ad x)p — ad x^'^ = —sx{x)^id 
on Qs = (Si)*- As in the discussion of Section 1.14 leading to the proof of 
Lemma 1.71, either the representation of Qq'^ on 0_i is restricted, or s is a 
multiple of p. In summary, we have 

Lemma 1.79. The go-module 3s is irreducible. Furthermore, either the 
representation of Qq^^ on 0_i is restricted, or p\ s. 

Thus, in what follows, we may assume s is a multiple of p so that s > 3. 

To complete the proof of Theorem 1.63, we will show that for any nonzero 
irreducible go-submodule 14-1 of J^-i, the condition [F^-i, [F^-i, g_5+i]] 
must hold. 
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Lemma 1.80. ps_i,gi] = 3s, and [Vg-i, Qs+i] 7^ for any nonzero 
QQ-suhmodule Vg-i ofJg-i- 

Proof. Let Vg-i be a nonzero go-submodule of J^-i, and suppose initially 
that [F5_i,gi] = 0. Then, since g is assumed to be generated by its lo- 
cal part, it would follow that X^j>o(ad V,-i is an ideal of g properly 
contained in J; a contradiction to the minimality of 3. 

Consequently, / [Vs-i^Si] ^ Js- By Lemma 1.79, 3s is go-irreducible, 
so that [y5_i,gi] = 3s- In particular, ps_i,gi] = 3s- For the second half of 
the lemma, we may suppose that [V^_i, J-^+i] = 0. Then 

= [3s-2, [Vs-l,3-s+l]] = [Vs-l, [3s-2,^-s+l]], 

since we are assuming that s > 3, so that [3s-2, Vs-i] = 0. If ps-2, J-s+i] 7^ 
0, it is the whole of g_i by irreducibility (1.1). But then [T4-i,g-i] = con- 
tradicting transitivity (1.2). This shows that p5_2,J-s+i] = 0. Therefore, 
by our assumption that [Vs-i, = 0, we have 

0=[3s-2,^-s+l]^[[d-l,Vs-l],3^s+l] = [[3-1,3 -s+l],Vs-l] 

= P-.,v^.-i]. 

Since g_i C 3 and q^s = (0-l)^ we have 3-s = Q-s forcing [g_3,T4_i] = 0. 
We have already established that [y5_i,gi] = 3s- Consequently, 

= [Vs-i,3.s+i] 2 [^3-1, p-3,si]] = [Vs-l, [g-3,gi]] 

= [S-s,[^s-l,0l]] = [0-s,Js], 

to contradict Lemma 1.78. Thus, [V^_i, J-^+i] 7^ 0, as claimed. □ 
Next we show how 

(1.81) [Vs-l,[Vs-l,Q-s+l]]=0 

for a nonzero go-submodule of Vs-i of 3s-i leads to a contradiction. If (1.81) 
holds, then 

W := {adg^_2 [v,u] \ v G Vg-i, u G Q-s+i) 
is a weakly closed subset of End (05-2) by Lemma 1.48 (i). 

First we assume for all v G Vs-i, u G 0-s+i that 

(1.82) (ad vf{ad uf Qs-2 = 0. 

Then = (ad f )^(ad u)^ gs_2 = 6(ad [u,v])^ Qs-2, hence W consists of 
nilpotent transformations. The associative subalgebra of End (0^-2) gen- 
erated by W must act nilpotently on gs_2 by Lemma 1.48 (ii), so that 



Qs-2 •■= Anng^_^{[Vs-i,9-s+i]) 7^0. 
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If [Qs-2,9-s+i] 0) then [Qs-2,9-s+i] = S-i by irreducibility (1.1), and 
since we are assuming s > 5 (and hence s — 2 + s — 1 > s + 1 > r), we would 
have 

[ys_l,g_l] = [Vs-i, [Qs-2,5-s+l]] = [Qs-2, [Vs-l,Q-s+l]] = 

by the definition of Qs-2- Then transitivity (1.2) would force Vg-i = 
0, contrary to hypothesis. Thus, we can conclude that [Qs-2,9-s+i] = 
0. As 32s-4 = (because s > 5), we have = [Js-2,[Qs-2,d-s+i]\ = 
[Qs-2, Ps-2,S-s+i]]- Now ps_2,g-s+i] equals or 0_i, and when it is 
nonzero we have 

= [Qs-2, [3s-2,0-s+l]] = [Qs-2,e-l] 

contradicting the transitivity of g. Thus, [Js-2,0-s+i] = 0, and as a result, 

= [Vs-l, [Js-2,0-s+l]] = [%-2, [Fs-l,0-s+l]]. 

Hence, [Vs_i,0-s+i] Q Anngf,(Js_2) H Anng„(V's-i), which must be zero by 
Lemma 1.50. But this contradicts Lemma 1.80. 

Thus, we have proven that if (1-81) holds, then (1-82) cannot hap- 
pen. In other words, there exist v G Fg-i and u G 0-s+i such that 
(ad f)3(ad m)^0s_2 / 0. Then Us-2 ■= (ad T4-i)^0-2s+i is a nonzero go" 
submodule of Js-2- Assuming [gi, Us-2] = [92, Us-2] = would imply that 

(ad g-i)^' Us-2 

j>0 

is an ideal of g properly contained in 3, a contradiction. When [gi, L's-2] 7^ 0, 
then 

/ [qi,Us-2] = [gi,(ad ■l^s-i)^g-2s+i] C (ad Fs-i)^g-s+i- 
On the other hand, when [g2, Us-2] / 0, then 

7^ [Q2,Us-2] c (ad ys-l)^g-2s+3- 
In this case, transitivity (1.2) gives 

7^ [g_i, (ad Fs-i)^g-2s+3] C (ad ys-i)^g-s+i- 

Consequently, (ad V^-i)^gs+i 7^ must hold, and that in conjunction with 
(1.44), allows us to conclude the following: 

Lemma 1.83. [Fs-i, [K-i, g-s+i]] for any nonzero Qo-submodule 
Vs-i o/Js-i- When T^-i is irreducible, then for %' = 2(^-1) = ©^i we 
have "B'l ^ 0, and the representation of (Sg)^^^ on '£>'_i = Vs-i is restricted. 
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As before, knowing that Si / for S = ^(J^) and S'^ / for S' = 

forces the representation of on g_i to be restricted. Thus, we 
may draw the conclusion: 

Lemma 1.84. Let g = 0^=_gfli be a graded Lie algebra satisfying the 
hypotheses of Theorem 1.63, and assume that q > r and [[g_i, gi], gi] 7^ 0. 
Then the representation of on g_i is a restricted representation. 

1.85. Combining Lemmas 1.69, 1.71, 1.73, and 1.84 completes the proof 
of Theorem 1.63. □ 



1.17. The assumption [[g_i, gi], gi] 7^ in Theorem 1.63 

The assumption that [[g_i, gi], gi] 7^ in the statement of Theorem 1.63 
cannot be dropped, as the following example illustrates. 

Let .ft be a classical simple Lie algebra, and let 9Jt be an irreducible non- 
restricted .ft-module with basis xi, . . . , x^. Clearly, R acts as homogeneous 
derivations of degree zero on the graded truncated polynomial algebra 

21 := F[xi,. . .,Xm]/{o^,---,xP^), deg Xi = 1. 

Note that 21 = 0[^o 21,, where r = m{p - 1) and 2lo = F 1. Let D denote 

the linear span of the partial derivatives d/dxi, . . . , d/dxm of 21. 

We regard .ft as a subalgebra of the derivation algebra Der(2l). Clearly, 
C D and D^^) = 0. It follows that X := © 2) is a Lie subalgebra 
of Der(2l), and D is an abelian ideal of X. The pairing 2) x 9JT ^ F, 
(d, x) 1-^ d{x), is nondegenerate and .ft-invariant. Hence, D = 93t*, showing 
that the .ft-module 2) is irreducible and nonrestricted. 

Now let £ be another classical simple Lie algebra. Then £ 2t carries 
a natural Lie algebra structure given by [/ ® f,l' <S> f] = [I, I'] //' for all 
1,1' ^ £ and /, /' G 21. Note that id^ 0X is a subalgebra of the derivation 
algebra of £ 21. As a consequence, we may regard 

g := (£0 21) © (id£ 

as a semidirect product of Lie algebras. Put 

(1.86) 

g_i:=ii®2li, l<i<r, 
go := (£ ® 2lo) © (id^ .ft) , 
gi :=id£«)D. 

Then g = 0j=_r gi and [gi,gj] Q Qi+j for all i,j, so that (1.86) defines a 
grading of g. It is straightforward to see that go — £ffi.ft is classical reductive, 
g_i = £ (8" 9?t is an irreducible nonrestricted go-module, and gi = DJt* as 
.ft-modules. Moreover, g is transitive, and 

[[0-1, 01], 91] C [£®2lo, id£®2)] =0. 
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Transitive gradings similar to the one above were first described by We- 
isfeiler who termed them degenerate (see [W]). They arise quite frequently 
in the classification theory of simple Lie algebras. 



CHAPTER 2 



Simple Lie Algebras and Algebraic Groups 



2.1. Introduction 

In finite characteristics, there are simple finite-dimensional graded Lie 
algebras which resemble those in zero characteristic and others which do 
not. The former are referred to as "classical", as they arc obtained from 
their characteristic zero counterparts by reducing a Chcvallcy basis modulo 
p and factoring out the center as necessary. The latter are the Cartan 
type Lie algebras, and in characteristic 5, the Melikyan Lie algebras. The 
Cartan type and Melikyan Lie algebras possess a grading in which the zero 
component qq is isomorphic to one of the linear Lie algebras 5lm or gl^ or 
to one of the symplectic Lie algebras 5p2m or csp2j„. (The algebra csp2TO 
is a central extension of Sp2m by a one-dimensional center.) The gradation 
spaces Qj are modules for Qq; indeed, in each case, g_i is the natural module 
(or its dual module) for sl^, gl^, Sp2m' fsp2m- this chapter, we gather 
information about the classical, Cartan type, and Melikyan Lie algebras. 
Our purpose is two-fold. On one hand, the focus of this monograph is a 
classification theorem, and these are the Lie algebras which will appear in 
the theorem's conclusion. On the other, a lot of our discussion will consist 
of calculations involving these Lie algebras, and we will include here enough 
facts about them to enable the reader to follow these computations without 
too much difficulty, we hope. 

2.2. General information about the classical Lie algebras 

The well-established structure theory of finite-dimensional simple Lie 
algebras q over the field C of complex numbers begins with a Cartan sub- 
algebra i) (equivalently, a maximal toral subalgebra) and the root space 
decomposition = 1}© ©qi=$£|" relative to f). The root spaces = {x G 
Q I [h,x] = a{h)x for all /i € Pi} are all one-dimensional. Because the 
Killing form K{x,y) = tr(adxady) is nondegenerate and invariant, and 
£l~" are nondegenerately paired, and the form restricted to i) is nondegen- 
erate. Thus, for any fi E I)* , there exists a unique element € t) such that 
fi{h) = K{h,tfj_) for all h E I). This allows the form to be transferred to the 
dual space f)*, where := K{t^,tu). In particular, this form restricted 

to the real span of the roots is positive definite. For we set 
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(2.1) (/?, a):=--r ^ and = 



(a, a) (Q!, a) 

There is a basis of ^* of simple roots A = {ai, . . . , am} Q and every 
root is a nonnegative or nonpositive integral linear combination of them. 
The positive roots (a > for short) are the former, and the negative roots 
(a < 0) are the latter. For brevity we will write hi = hoa for z = 1, . . . , m. 

There is a second distinguished basis for \f , namely the basis {tui, . . . , 
lu^} of fundamental weights. They are dual to the elements /ij, and so 
satisfy 

(2.2) Wi{hj) = {wi,a.j) = 5ij. 

The Cartan matrix A = (^{ai,aj)^ gives the transition between these two 

bases: = X^jLi ^ij'^j^ — i^i^ '^j) ^ ^hj ^fn. It also encodes 

all the structural information about g. 

Theorem 2.3. Let g he a finite- dimensional complex simple Lie algebra. 
Then there is a basis {e„ | a G $} U {hi \ i = 1, . . . ,m} of g such that 

(i) [hi,hj] =0, 1 < i,j < m; 

(ii) [hi, ea] = {a,ai)ea = a{hi)ea 1 <i <m, a G 

(iii) [cq, e_Q,] = ha = J2Y=ii^j ^ ' "^hich is an integral linear combi- 
nation of hi, ... , h„i; 

(iv) Lf (3 ^ iba, and (3 — da, . . . ,(3 -\- ua is the a-string through (3, then 



if = 

■iz{d -\- u)ea+j3 if u 7^ 0, 

where the integers d, u satisfy d — u = {f3,a). 



Such a basis is referred to as a Chevalley basis. The Z-span qz of a 
Chevalley basis is a Z-subalgebra of g. If F is any field, then g = gF := ^^zQz 
is a Lie algebra over F. It has a basis as in Theorem 2.3, but with the 
structure constants reduced modulo p. If F has characteristic p > 3, the 
Lie algebra g is simple in all instances except when <& is a root system 
of type for p I (m + 1). In that particular case, g is isomorphic to 
slm+i, and g has a one-dimensional center spanned by the identity matrix 
I = hi + 2h2 + --- + mhfyi (where hi is identified with the difference of matrix 
units, hi = Ei^i — i?j+i^j+i). Then g/F/ = psl^+i is simple. The simple Lie 
algebras obtained by the process of reducing a Chevalley basis modulo p 
(and factoring out the center if necessary) are called the classical simple 
Lie algebras. The classical simple Lie algebras along with st^+i, gt^+i, 
or pQirn-\-i where p \ (m + 1) and direct sums of these algebras are known 
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under the general rubric of classical Lie algebras. A classical reductive Lie 
algebra modulo its center is a classical Lie algebra. Assumption (a) of the 
Recognition Theorem asserts that go is classical reductive. 

Each classical simple Lie algebra is equipped with a [p]-operation relative 
to which the Lie algebra is restricted: 

(2.4) e^l =0 for a G $, and hf^ = hi for i = l,...,m. 

Mills and Seligman [MS] found a simple set of axioms which characterize 
direct sums of these Lie algebras. 

Theorem 2.5. A Lie algebra L over a field F of characteristic p > 3 is 
a direct sum of classical simple Lie algebras if and only if 

(i) [L,L]=L; 

(ii) The center of L is 0; 

(iii) L has an abelian Cartan subalgebra H such that 

(a) L = 0„g^, where 

L" = {x € -L I [h, x] = a{h)x for all h G H}; 

(b) // L" / and a 7^ 0, (i.e., if a is a root), then is 
one-dimensional; 

(c) Lf a and (3 are roots, then not all P + ka for A; = 0, 1, . . . ,p—l, 
are roots. 

Remark 2.6. According to [S, Chap. IV, Thm. 1.2 and Chap. VI, Sec. 2], 
the Cartan subalgebras of a classical simple Lie algebra g over an alge- 
braically closed field of characteristic p > 3 are all conjugate under the 
automorphism group of 3. Combining that result with Theorem 2.5, we see 
that any Cartan subalgebra [) of g is abelian and that the elements of f) are 
ad-semisimple on g. Hence f) is a toral subalgebra of g (in fact, a maximal 
toral subalgebra of g). As the ccntralizcr of a maximal toral subalgebra of a 
restricted Lie algebra is a Cartan subalgebra, and every Cartan subalgebra is 
such a centralizer (for example, [SF, Thm. 4.1]), it follows that the maximal 
toral subalgebras of a classical simple Lie algebra are precisely the Cartan 
subalgebras. We will use the two notions interchangeably when working 
with a classical simple Lie algebra or with one of the algebras 5lm+i, g^m+i' 
or pglm+i with p\ (m + 1), where the same result applies. All maximal toral 
subalgebras of a classical simple Lie algebra are conjugate - a result which 
follows from the above considerations for p > 3, but is known to hold for all 
characteristics by [HI, Cor. 13.5]. 

The derivations of a classical simple Lie algebra are inner except when 
g = psl^^i- More specifically, we have 
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Lemma 2.7. Suppose that q is either a classical simple Lie algebra or 
Pfl^m+i P I {m + 1). Then Der(0) = adg unless g = psl^+i with 
p I (m + 1) in which case Der(g) = psim+i- 

Proof. First suppose that g is simple. We have = f) © 0„g$ 0°^ where 
is a Cartan subalgebra of 0. Since ad f) acts diagonahzably on 0, it also acts 
diagonalizably on End(0) = (g) 0*. It follows that adf) acts diagonahzably 
on Der(0) C End(0). Let f) denote the centralizer of adf) in Der(0). If 
D G Der(0) is a weight vector for f) corresponding to a nonzero weight 
G f)*, then ij,{h) ^ for some /i G f), forcing 

D = n{h)~^[adh,D] = -/^{hy^ad D{h) e adg. 

As a consequence, Der(0) = tj + adg. If D e i), then D{g'^) C 0" for all 
a G $, as all root spaces of relative to t) are one-dimensional. For each 
ai G A, choose nonzero vectors Cj G 0"* and fi G 0~"*. Since D commutes 
with ad [ci, fi] G ad \ {0}, it must be that D{ei) = XiCi and D{fi) = —Xifi 
for some Aj G F, where 1 < i < m. Since in the present case the Lie algebra 
is generated by the e^'s and /j's, we may conclude that dim f) < m. 

Let A denote the matrix with entries in ¥p obtained by reducing the 
entries of the Cartan matrix ^ of modulo p. If 7^ P-Slm+i with p \ (m + 1), 
then det^ 7^ 0. Using (2.2) it is easy to observe that in this case there exist 
ti,...,tm G i) satisfying [ii,ej] = Sijej for all 1 < i,j < m. But then 
D = X^™]^Aiadti G ad0, yielding Der(0) = ad 0. If = psl^+i with 
p I (m + 1), then it is readily seen that there are ti, . . . ,tm G pQifn+i such 
that [ti,ej] = SijCj for all I < i, j < m. The above discussion then implies 
that Der(psl^+i) ^ adp0l^+i ^ P0U+1 if p | (m + 1). 

Now suppose that g = p0t^_|_i with p \ {m + 1), and let D be any 
derivation of 0. Clearly, D induces a derivation of 0^^^ = pslj^_^_i. By the 
above, there exists an element x G such that D — adx acts trivially on 
0W. We now let y be any element of 0. Then 

O=(Z)-adx)([y,0«]) = [(Z)-ad,T)(y),0«], 

implying that {D — adx){y) belongs to the centralizer of 0(^'* in 0. Since 
p > 2, it is straightforward to see that the latter is trivial. Therefore, 
D = adx, completing the proof. □ 

In Section 1.12, we have used certain exponential automorphisms. Next 
we establish the properties required there. 

Lemma 2.8. Suppose q is a classical simple Lie algebra, or a Lie algebra 
isomorphic to slm+i, 9^m+i> PS^m+i where p\ {m+1). If x £ is a root 
vector, then exp(adx) is an automorphism of Q. 

Proof. If re G 0" is a root vector, then (adx)^ = on 0, except when is of 
type G2 and a is a short root. In this exceptional case, ad x is nilpotent of 
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order 4. Thus, except for root vectors corresponding to short roots in type 
G2 in characteristic 5, we have {adx)~2- = Q for all root vectors. 

Now if D is any derivation of g with D 2 =0, then using the well-known 
Leibniz formula, 



D-{[y,z]) 



E 

i=0 '- 



D\y) 



(n — i)! 



we have 



[exp(i))(y),exp(I))(z)] 



p-1 
2 



i=0 ■ j=Q 



p—l n 

EE 

n=0 1=0 



D\y) D^' 



p-1 

E 



n=0 



n! 



i\ ' (n — i)\ 
= exp{D){[y,z]), 

so that exp(D) is Lie homomorphism of g. If D' is another derivation of Q 
with {D')— = and [D,D'] = 0, then 



exp(L»)exp(£)') = 




p-1 



k=0 



Taking D' = —D shows that exp(D) exp(— D) = /, so that exp(D) is an 
automorphism of g. As a result, exp(adx) is an automorphism of g for all 
root vectors, except when x corresponds to a short root in type G2 and 
characteristic 5. 

In the exceptional case, we suppose that g is a Lie algebra of type G2 in 
characteristic 5 and adopt the labelling of the roots as in [Boul, Planche IX] 
so that ai, 02 are the simple roots, and the positive roots are {cii, 0:2, ai + 
a2, 2ai + a2, 3ai + 02, 3ai + 2a2}. Then for x G g" (a a root) and y € g^ 
{P a root or 0), we have {adx^y = unless a is short. By applying a root 
system isomorphism, we may assume a = ai, x E q"^, and y,z are root 
vectors in g. Then 

[exp(adx)(i/),exp(adx)(z)] = exp(adx)([?/, z]) 

"(adx)^(y) (ada;)^(2;) 



+ 



+ 



2! ' 3! 

(adx)3(y) (adx)2( 



+ 



3! ' 2! 

(adx)^(y) (ada;)^(2; 



3! 



3! 
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Now {adx)'^{Q) is spanned by the root vectors corresponding to the roots 
3ai + a2 and —0:2, and (adx)^(0) is spanned modulo (adx)^(g) by root vec- 
tors corresponding to 2ai + 02, c^i, and —ai — a2- From this it is easy to see 
that (adx)^(£|) is central in (adx)^(0), so that [exp(adx)(y),exp(adx)(2:)] 
= exp(ada;)([y, z]) and exp(ada;) is a homomorphism. Because 



exp(adx) exp(— adx) 




{n-k)\ k\ 

n=0 fe=0 ^ ' 

+ '^'(_l),7(adx)^+^' 



^ {adx — adx)" 
n=0 

the mapping exp(adx) is an automorphism as claimed. □ 

Each classical Lie algebra possesses a finite reduced root system $. Cor- 
responding to such a root system $ is the associated Weyl group W, which 
is generated by the reflections Sa € End([)*), a G 



Sain) = 11- {n,a)a. 

In fact, it can be shown that W is generated by the reflections Sq., 
1 < z < m, in hyperplanes perpendicular to the simple roots. 

Suppose P = Zwi © • • • 0Zii7m is the weight lattice corresponding to 
and let = Nwi © • • • ©Nci7m (N = Z>o) be the set of dominant (integral) 
weights. A subset X of P is said to be saturated if for all A G X and a € 
the weight \ — ta E X for all integers t between and (A, a), inclusive. (See 
[Bou2, Chap. VIII, Sec. 7, No. 2], or [H3, Sec. 13.4].) 

The minuscule weights A G will play a role in our subsequent delib- 
erations. They have several equivalent characterizations: 

(i) The Weyl group orbit WX of A is the smallest saturated set of 
weights in P containing A. 

(ii) For all roots a € (A, a) € {-1, 0, 1}. 

(iii) If G P^ and n < X, (i.e., A — = YlT^i where ki £ N for all 
i), then A = /x. 

Relatively few weights are minuscule, and they are displayed below: 
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(2.9) 

Wl, . . .,ZUm 
Wl 

Wi,Wq 
W'j. 



a>0 

a>0 

are essential in the structure and representation theory of g. Unhke the situ- 
ation in characteristic zero where Lie's Theorem apphes, a finite-dimensional 
0-module M need not possess a common eigenvector for b+ (or for b~). How- 
ever, when such a common eigenvector v exists for b"*" (resp. for b~), it must 
be annihilated by n+ := ©oqS" (resp. n~ := ©a>ofl~") ^'^^ be a weight 
vector for \). This motivates the following definition. 

Definition 2.10. Lei M he a finite- dimensional module for the classical 
algebra g. A nonzero vector v in M is said to be a -primitive (resp. b~- 
primitive) vector of weight A if x.v = for all x G n"'" (resp. x G n~ ) and 
h.v = X{h)v for all h E i). 

As explained in Remark 1.70, any finite-dimensional irreducible g-module 
which is restricted over g^^^ possesses a b^-primitive vector (and by symme- 
try, a b~ -primitive vector). 

2.3. Representations of algebraic groups 

The automorphism group of a classical simple Lie algebra is an algebraic 
group of adjoint type. Various proofs in the text will require us to work with 
the simply connected cover of such a group. In this section, we assemble the 
information we will need about algebraic groups. 

Let G be a linear algebraic group, that is, a Zariski closed subgroup of 
GL(V) where y is a finite-dimensional vector space over F. The group G 
is said to be connected if G equals the connected component G° of G (the 
unique irreducible component of G containing the identity element). Let 



Cm 

Dm 
Eg 



The Borel subalgebras 
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A = ¥[G] denote the coordinate ring of G. Then G acts on A via left 
(resp. right) translation: {\xf){y) = f{x~^y) (resp. {pxf){y) = f{yx)). 
The space Lie(G) := {d G Der(^) | dX^ = Xxd for all x e G} of all left- 
invariant derivations of the ring ^ is a Lie algebra, since the bracket of two 
derivations which commute with A3; obviously does likewise. We call Lie(G) 
the Lie algebra of G. Since the p-th power of any left-invariant derivation 
of A is again a left-invariant derivation, the Lie algebra Lie(G) carries a 
canonical restricted Lie algebra structure. 

We now gather a few basic facts from Section 31 of [H2]. Let G be a 

scmisimple algebraic group. Assume T is a maximal torus of G, = TN'^ 
is a Borel subgroup containing T, and B~ = TN~ is the opposite Borel 
subgroup. Suppose A is the base of the root system $ determined by . 
Thus, $ is the set of nonzero weights of AdT in Lie(G). The Weyl group W 
of G is defined to be Nq{T)/Zq{T), the normalizer modulo the centralizer 
of the torus T. 

Let X{T) denote the lattice of rational characters of the torus T. The 
elements of X{T) are often referred to as weights. Relative to the base A = 
{ai, . . . , Urn}, the fundamental weights {wi, . . . , zum} C X{T) (g)^ Q satisfy 
{zui, aj) = Si J, where /J^ = 2{P, P)-^p for any root p. If ro^ G X{T) for all i, 
then G is said to be simply connected. In this case, the fundamental weights 
form a basis of the Z-module X{T). (By identifying weights v with their 
differentials (dz/)e, we are able to use the same notation for the fundamental 
weights in X{T) as for the fundamental weights of the corresponding Lie 
algebra.) 

A rational representation of G is a homomorphism of algebraic groups 
g : G ^ GL(M) for some finite-dimensional vector space M. We say the 
resulting G-module M is rational. Every rational G-module M admits a 
weight space decomposition 

where M'^ = {f € M \ tv = Xx{t)v for all t G T} (here xx is the rational 
character of T corresponding to A G X{T)). Whenever ^ 0, then A 
is said to be a weight of M with respect to T. Using the fact that the 
Weyl group W — Nc{T)/Zg{T), it is routine to check that W permutes the 
weights of M, and dimM^ = dimM*"^ for all u; G H^. We let X{M) denote 
the set of weights of the module M. 

From now on we suppose that G is simply connected. Set 
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XiT) 




i=l 



(N = Z>o) 



ffli e N, < < p - 1 



Elements of X(T)_|_ are called the dominant weights of T (with respect to 
the base A). There is a partial ordering < on X{T) defined by 



A* < A 



A — /X G 



Let X{M) denote the set of weights of the module M. Then A G X{M) is a 
maximal (resp. minimal) weight of M if /i > A (resp. /U < A) for ^ € X(M) 
implies ji = \. If A is maximal weight of M, then A G X(T)_)_, and if 
A is a minimal weight, then A G — X(r)+. An irreducible G-module M 
has a unique maximal and a unique minimal weight, and the corresponding 
weight spaces are one-dimensional. Any two finite-dimensional irreducible 
rational G-modules are isomorphic if and only if they have the same maximal 
(minimal) weight. 



Any A G X{T) may be extended to all of 5+ by setting \{u) = 1 for 
all u G . Then A determines a one-dimensional i?"'"-modulc Fa, where 
the S+-action is afforded by A. Let H^{\) = m.d%+ Fa = {/ G F[G] | 
f{gb) = X{b)^^f{g) for all 5 G G and b G B'^} be the corresponding induced 
module. The socle L{\) := socgH^{X) is a simple G-module. Thus, for 
any A G X{T)^ there exists a finite-dimensional irreducible rational G- 
module -^^(A) with maximal weight A. Although the dimension of L(A) is 
very difficult to determine, in general, one knows that dim.H^[X) is given 
by Weyl's dimension formula: 

(2.11) dimi70(A)= n ^^^"'""^ 



(p, a) 



where p is half the sum of the positive roots (this is immediate from [Ja, 
Part II, Prop. 5.10]). 



Proposition 2.12. (Compare [Ja, Part II, Cor. 2.5].) The module dual 
to L[X) is L{—woX), where wo is the longest element of the Weyl group W. 



For any rational representation g: G ^ GL{V), the differential map 
(d^)e: Ue{G)^Ql{V) 
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is a homomorphism of restricted Lie algebras. Thus, any rational G-module 
L(A) can be regarded, canonically, as a restricted Lie(G)-module. The fol- 
lowing classical result is due to Curtis [C] : 

Proposition 2.13. (Compare [Ja, Part II, Prop. 3.10 and Prop. 3.15].) 
Any irreducible restricted Lie{G) -module is isomorphic to exactly one module 
L(A) with A G Xi{T). Conversely, any G-module L{X) with A G Xi{T) is 
irreducible as a Lie{G) -module. 

The module V{X) := H'^{-wo\)* which is dual to H°{-wo\) is called 
the Weyl module corresponding to A. There is an antiautomorphism r of 
order 2 on G which acts as the identity on T and sends the root subgroup Ua 
to U-a, for each a G $ (as in [Ja, Part II, Sec. 1.2]). Then V{X) ^ ^H°{X), 
where the G-action on the right is twisted by r. Using that fact, one can 
show that the Weyl module V{X) is generated by an eigenvector v for 
corresponding to A. Moreover, we have the following: 

PROPOSITION 2.14. (See [Ja, Part II, Sec. 2.13, 2.14(1)].) 

(a) Any rational G-module M which is generated by a -eigenvector 
m of weight X is a homomorphic image of V{X) via a homomor- 
phism sending v to m. 

(b) If icadGV{X) denotes the intersection of all maximal submodules of 
V{X), then V{X)/TadGV{X) ^ L(A). 

The result stated below will play a crucial role in Chapter 4 of this 
monograph (recall that we are assuming G is simply connected): 

Proposition 2.15. ([Ja, Part II, Prop. 9.24(b)]; see also [Ja, Part I, 
Sec. 9.6].) Let M be a finite- dimensional rational G-module such that 

X+{M) := (X(M) n X(r)+) C Xi{T). 

Then any subspace of M invariant under the induced action of Lie(G) is a 
G-submodule of M. 

2.4. Standard gradings of classical Lie algebras 

In this section, wc assume that q is cither a classical simple Lie algebra 
or pQlrn+i with p \ m + 1. Our goal here is to recall the notion of a standard 
grading of g and to describe the gradings = 0^^^ Qj of such that 0_i 
is an irreducible 0o-modulc and 0_ is generated by 0_i. 

As explained in Section 2.2, g = t © ©Q,g$ 0°; where t is an abelian 
Cartan subalgebra of 0, and [t, 0"] = 0" for all a G Moreover, each 
root space 0"^ is one-dimensional, and exp(ada;) G Aut0 for all root vectors 
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X G Uae* 0"' Lemma 2.8. As in Section 2.2, we regard $ as a root 
system in an Euclidean space. Let A = {ai, . . . ,am} be a basis of simple 
roots in Recall that every root in $ is a nonnegative or nonpositive 
integral linear combination of roots in A. 

Associated to any m-tuple of nonnegative integers (ai, . . . , am), there is 
a grading of the Lie algebra Q in which a root vector corresponding to a 
root a = YllLi '^iOii is given gradation degree Yll^i '^i'^^i ^"^^ elements 
in t are assigned gradation degree 0. If YllXi 0^1 = ^-, i-e- if Ofe = 1 for 
some k G {1, . . . , m} and aj = for j ^ k, then we say that the grading is 
standard. 

Two gradings L = 0^g2 Lj and L = ©^^g L'j of a Lie algebra L are 
said to be conjugate if there is an automorphism cr of L such that cr{Lj) = V- 
for all j G Z. In this monograph, we identify conjugate gradings without 
further notice. Our next rcsTilt is known to the experts; we provide a short 
proof for the reader's convenience. 

Proposition 2.16. Every grading = 0j£2 Si of the Lie algebra q such 
that fl_i is an irreducible go-module and g_ is generated by 0_i is standard. 

Proof. Let G := (Aut0)°, the connected component of the identity in the 

automorphism group of 0, which is a simple algebraic F-group of adjoint 
type. It is well-known that Lie(G) is isomorphic to a Lie subalgebra of 
Der(0). In view of Lemma 2.8, we have that ad0" C Lie(G) for all a G 
If is not of type A„j with p j (m + 1), then is a simple Lie algebra and 
Der(0) = ad 0. Since Uae* S" generates a nonzero ideal of ad 0, it 
follows that Lie(G) = ad in this case. If is of type A^ with p\{m + 1), 
then either = psl^+i or = pgirn+i by our assumption. In this case, 
Der(0) = pQlm+i implying Lie(G) = pQim+i- Thus in any event, ad is an 
ideal of codimension < 1 in Lie(G). 

For ease of notation, we identify with ad C Lie(G). It follows from 
the preceding remark that G contains a maximal torus T such that Lie(T) fl 
= t. Moreover, the theory of algebraic groups enables us to identify $ 
with the root system of G relative to T. 

Given a linear algebraic F-group H, we denote by (H) the set of all 
rational homomorphisms from the one-dimensional torus F^ to H. Associ- 
ated with our grading = 0jg2 9j is a rational homomorphism A G X^{G) 
such that 

(2.17) x{t)\,. = tnd,. (v^GF^ VjGZ). 

Clearly, A(F^) is a one-dimensional torus of G. Since any torus of G is 
contained in a maximal torus and all maximal tori of G are conjugate, we 
can assume in the rest of the proof that A(F^) C T. In other words, we can 
assume that A belongs to X*(r), the lattice of rational cocharacters of T. 
Note that the Weyl group W = Ng{T)/T acts on X^{T). 
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Let X(T) be the lattice of characters of T; see Section 2.3. According 
to [Bo, (8.6)], the Z-pairing 

(2.18) X(T) X X,(T) ^ Z, (x, z^) ^ n := (x, i^) if x(i^(t)) = 

is M^-invariant and nondegenerate. As G is a group of adjoint type, the 
lattice X{T) is spanned over Z by the set of simple roots A. Consequently, 
the pairing (2.18) identifies X^,(T) with P, the weight lattice corresponding 
to Replacing A by its Vl^-conjugate if necessary, we can assume in what 
follows that A lies in the dual Weyl chamber corresponding to A. That is 
to say, we can assume that ai{X{t)) = t^^ for some nonnegative integers a^, 
where 1 < i < m. 

In conjunction with (2.17), the above discussion shows that 50 is spanned 
by t and the root spaces with a = Yl^i i^'i'^i satisfying nj, = whenever 
Ofe / 0. It also shows that g_i is spanned by the root spaces with 
7 = Y^^i ''^i'^i foj" which YllLi fif^i = ~1- All such 7's are negative roots in 

Since 0_i 7^ 0, it must be that a^j = 1 for some d G {1, . . . , m}. 

Let denote the span of all C 0_i with 7 = X^I^i '''i'^i such that 

Td = —1- Since g"""* C we have 0-i,d 7^ 0. Moreover, because g_i is 

an irreducible 0o-™odule, our description of 50 now implies that g_i = 0-i,(i. 
Suppose aj ^ for some j ^ d. Then 0^"^ C 0_. On the other hand, if 
lies in the Lie subalgebra generated by 0_i,d, then (3 = X^I^i Qi^^i with 
qd>^- It follows that 0~"^ is not contained in the subalgebra generated by 
Q-i,d = 0-1- Since this contradicts one of our assumptions, we derive that 
aj = for j 7^ d. Thus, our grading is standard, as stated. □ 

2.5. The Lie algebras of Cartan type 

There are four infinite series of finitc-dimcnsional simple, graded Car- 
tan type Lie algebras = ®j=_g0j: the Witt, special, Hamiltonian, and 
contact series. The Lie algebras in each series vary in "thickness" (i.e., di- 
mensions of corresponding gradation spaces 0^) and "length" (i.e., number 
of nonzero gradation spaces). The special, Hamiltonian, and contact Lie 
algebras are subalgebras of the Witt Lie algebras. The Witt, special, and 
Hamiltonian Lie algebras all have depth-one gradations {q = 1) with respect 
to which they are transitive (1-2) and irreducible (1.1); while the contact 
Lie algebras have a depth- two gradation {q = 2), which is transitive and 
irreducible. 

Each series contains both restricted and nonrestricted Lie algebras. Each 
nonrestricted algebra contains a restricted subalgebra (its "initial piece"). 
The restricted ones, which are exactly the initial pieces of the algebras in a 
given series, are generated as Lie algebras by their local part 0_i © 0o © 0i- 
The local part of a nonrestricted graded Cartan type Lie algebra coincides 
with the local part of its initial piece. 
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When is a restricted Cartan type Lie algebra, then x^"^ = for x G 
since (ad xY is a derivation which annihilates the local part when p > 3. 
The restriction of the [p]-mapping of g to 50 coincides with the [p]-mapping 
on the classical Lie algebra gQ^'' , and the adjoint representation of go on each 
Qj is a p-represcntation, i.e., is restricted. 

We will illustrate all these concepts by beginning with a few simple 
examples of Cartan type Lie algebras. Then we will introduce the divided 
power algebras and their derivations and use them to describe the four 
infinite series of Cartan type Lie algebras. 

2.6. The Jacobson-Witt algebras 

The Jacobson-Witt Lie algebras were the first finite-dimensional nonclas- 
sical simple Lie algebras to be discovered. Their construction starts with a 
polynomial algebra F[xi, . . . , Xm\ over F, a field of characteristic p > 0. Let 
Di = d/dxi, i = 1, . . . ,m, be the usual partial derivatives relative to the 
variables Xj. The ideal generated by the elements X]',...,Xm is invariant 
under the derivations Di, and so the Di induce derivations on the truncated 
polynomial algebra F[a;i, . . . , Xm]/{xi, . . . , Xm)- The Jacobson-Witt Lie al- 
gebra is the derivation algebra W{m; 1) := Der(F[xi, . . . , Xm]/ {xi, . . . , Xm)). 

In the special case that m = 1, the resulting Lie algebra W^(l; ],) is called 

the p- dimensional Witt algebra or simply the Witt algebra. The Jacobson- 
Witt algebras may be viewed as "thickenings" of it by addition of variables. 

By identifying cosets with their representatives, we may assume that 
the elements x"' := x^^ ■ ■ ■ x'^ with a = (ai, . . . , 0^) and < Oj < p for 
all i determine a basis for ¥[xi, . . . , Xm]/ (a^i, • • • , x^)- Then the derivations 
x"'Di, as a ranges over such m-tuples and i = 1, . . . ,m, comprise a basis for 
W{m;l). The Lie bracket in W{m;l) is given by 

[x''Di,x''Dj] = hiX^+^-^'Dj - ajx^^^-^^ Di, 

where is the m-tuple with 1 in the ith position and elsewhere, and 
addition of tuples is componentwise. If any component exceeds p — 1 or is 

less than 0, the term is 0. 

Because the Lie algebra VF(m; 1) is the derivation algebra of an algebra, 
it carries a natural [p]-structure given by the p-mapping: 

^b] = DP for all D e W{m; 1). 

Rather than working with monomials as above, we could use divided 

x*^^ • * * x*^^ 

powers instead. Thus, if we adopt the basis x^") = — where again 

ai'---Om' 

< < p for all i, then 
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(2.19) = ^ ^) x^^+'^ , where ^ ^) = fl 

Moreover, VF(m;l) has a basis {x^^^Dj | < < p, i = 1, . . . ,m} where 

Diix^"^) = x^"-''^ and 

It is this form of the algebra that lends itself naturally to further gener- 
alizations. 

2.7. Divided power algebras 

Let F be a field of characteristic p > 0, and let 0(m) denote the 

(k) 

commutative associative algebra with 1 over F defined by generators , 
1 <i <m, k = Z>o, which satisfy the relations 



= 1 



(fc) (e) 
x) 'x) ' 



The "monomials" x^") := x^"^'* • • •x^™'*, a-i G N, constitute a basis of 
0(m). 

To compute the binomial coefficients in (2.19), it is helpful to consider 
base p-expansions. Assume that the base p expansions of c and d are given 

by 

(2.20) c = Cfe/ + Cfc_i/-^ + • ■ ■ + cip + Co 
d = dkP^ + dk-ip^~^ H \-dip + do 

where < Cj, c/j < p for all i. Then 

Lemma 2.22. Suppose c, d G N satisfy <c,d < p^+^ , butc + d> 
Then ('Y^=^- 
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Proof. This will follow from analyzing the "carries" in (2.21) (with top 
number c + d instead of c) . Let the base p expansions of c and d be as in 
(2.20). Since c + d > p'^'^^, there is some smallest integer i > so that 

Ci + di > p. Then the binomial coefficient ^ ^ must equal 0, because it 

contains the factor ( * / ^ 1 , which is 0. □ 

di 

As a result of Lemma 2.22, we see for any m-tuple n = (ni, . . . , rim) of 
positive integers that 

0(m;n) := spani7{,T(''^ | < Oj < p""} 

is a subalgebra of the divided power algebra 0(m), and wc have containment 
0(m; n) C 0(m; n') whenever < ra^ for alH = 1, . . . , m. 

2.8. Witt Lie algebras of Cartan type (the W series) 

Nonrestricted Cartan type Lie algebras can be obtained by "lengthening" 
the restricted ones; that is, by allowing powers greater than p — 1 in the 
divided power variables. 

Let Di {1 < i < m) he the derivation of 0(m) defined by 

The (infinite-dimensional) Witt Lie algebra of Cartan type is the subal- 
gebra of Der(0(m)) defined by 

W{m) := spanplx^"^ A \ Ui e N,i = 1, . . . , m}, 
and having Lie bracket 

(2.23) 

[x^-^Di,x^'^Dj] = ^ ^" ~(^^^ ^~ '=y^-+^-^^^Di. 

It is a free O(m)-module with basis Di, . . . , Dm. 

The fact that 0(m;n) is a subalgebra of 0(m) for any m-tuple n of 
positive integers implies that 

W{m;n) := spanp{a;*^"^L)j | < < p"S i = 1, . . . 

is a Lie subalgebra of W{m). We refer to the Lie algebras W{m;n) as the 
Witt Lie algebras of Cartan type, or more succinctly, the Witt algebras. 

The simplest examples of Lie algebras of this kind are the ^"-dimensional 
Zassenhaus Lie algebras W{l;n) obtained from the divided power algebras 
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0(1; n) for ra = 1, 2, Each Zassenhaus Lie algebra contains a copy of the 

p-dimensional Witt algebra 1). 

More generally, an algebra W{m;n) contains a copy of the restricted Lie 
algebra W{m;l) by taking the derivations Yl^i fi^i ^^^^ fi ^ 0(m; 1). 

Theorem 2.24. (See for example, [SF, Prop. 2.2 and Thm. 2.4].) 

(i) W{m;n) is a simple Lie algebra except when m = 1 and p = 2. 

(ii) W{m;n) is a free 0{m;n) -module with basis {Di, . . . ,0^}. 

(iii) The elements in {x^"'^Di | < Oj < p"*, 1 < i < m} determine a 
basis for W{m;n) so that dim.W{m]n) = mp^'^'^ 



The divided power algebra is Z-graded by the subspaces 0{ni)k = 
spanF{x(») I |a| := Y^^li^j = k}. Thus 0(m) = ®^=QO{m)k, and cor- 
respondingly, 0(m;n) = ®^io ^{^)ll)k where r = p"^^ + • • • — m—1. 
The associated Lie algebras W{m) and W{m]n) inherit a grading by assign- 
ing 

m m 

W{m)k = 0(m)fc+iDj and W{m-n)k = 0(m; n)fe+ii^,-. 
In particular, 

r 

W{m\n) = W{m\n)j 

is a depth-one simple Lie algebra of height r. 

Observe that the null component VF(m;n)o = W{m)Q has the elements 
xf^ Dj (1 <i,j< m) as a basis. Moreover, 

(2.25) [x[^^Dj,x'i^^De] = Sj^^xf^D, - Sijx^^^Dj. 

Therefore, it is evident that the null component is isomorphic to gl^ via the 
isomorphism that takes xf^Dj to the matrix unit Ei^j. 

The derivation 

m 

(2.26) 2)i:=^.Tf)A 

i=i 

(which corresponds to the identity matrix in gl^) plays a special role in 
W{m), as it is the "degree derivation": 

m / m \ 

Di(x('^)) = "^xfDj{x^''^) = j ^aH^^'^) = deg(x(''))x(''). 

j=l \ 3=1 J 

From the relation 
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(2.27) [fD, gE] = fD{g)E - gE{f)D + fg[D, E], 

which holds for all D,E ^ W{m) and f,g£ 0(m), we have as a special case, 

(2.28) [2)i,x(")l>j1 = ^i{x^"-^)Dj +x^"'^[^i,Dj] = (deg(x(")) - l)x^"-^Dj, 

so that ad3)i acts as multiplication by the scalar £ on W{m)i for each i; 
that is to say, adSi is the degree derivation on W{m). 

Now it follows from 

(2.29) [x\'^Dj,Dk] = -Si,kDj 

that W{m)^i = W{m;n)-i = spanf{Di,...,D„i} can be identified with 
the dual module of the natural m-dimensional module V for gl^. Hence it 
is isomorphic to the space of 1 x m matrices over F with the g [^-action 
given by y.v = —vy (matrix multiplication) for all v &V* and y G Qi^^. 

The mapping : W{m)Q 0l(O(m)i) given by ip{D){f) = D{f) affords 
a representation of W{m)Q (hence also of W{m;n)o for any m-tuple n). 

Moreover, relative to the standard basis {x^i \ ■ ■ ■ , x^} of 0(m)i, the matrix 

of ip{x^^^Dj) is exactly the matrix unit Eij. 



2.9. Special Lie algebras of Cartan type (the S series) 

The Lie algebra S{m; n) (resp. S (m)) is the subalgebra of W{m] n) (resp. 
W{m)) of derivations whose divergence is zero. Thus, if D = J2iLi fi^i, 
then 



Observe that 



d±M{D) :=J2Di{fi) = 0. 



i=l 



d±v{[fDi,gDj]) = d±v{fD,{g)D,-D,{f)gDi) 

= D,{f)D,ig) + fD,D,{g) - D,Dj{f)g - Dj{f)Di{g) 
= fD,{D,ig))-gD,{Dd/)) 
= fn,{d±v{gDj))-gD,{div{fDi)), 
so summing over such terms will show that the relation 

(2.30) d±v{[D, E]) = D{d±v{E)) - E{div{D)) 

holds for all D,E € W{m). From that it is apparent that S{m;n) (resp. 
S{m)) is indeed a subalgebra of W{m;n) (resp. W{m)). 
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To better understand the structure of S{m;n), we introduce mappings 
Dij : 0{m;n) — > W{m;ri) defined by 



(2.31) 



D,,,{f) = Dj{f)D,-D,{f)D„ 



^ < i,j < rn. 



It is easy to check that the image of Dij lies in S{m;n). Moreover, Di^i = 



and D 



3,1 



-Dij. 



Lemma 2.32. (Compare [SF, Lem. 3.2] for (a) and (b).) 
(a) For D = YZi h^i and E = ^^=1 9jDj in S{m;n), 



YfiDu^gjDj 

_i=l j=l 

(b) [A, Aj(/)] = Aj(£'fc(/)) for all 1 < i,j,k< m. 

(c) For I < i, j, k, i < m we have 

[Dijif), Dk4g)] = Di,e[Dj{f)D,{g)) - Dj,e{Di{f)D,{g)) 

-Dk,j (D,{f)D,{g)) + Dk,i (Dj{f)D,{g)) . 

Proof. We know that 



[D,E]= yj\D,,y^g,D, = y m{gj)Dj - gjDj{fi)Di 

from the general expression (2.27) for the Lie bracket. Then using the fact 
that div(D) = = div(£'), we can see this product equals 



m m 

E {hD,{g^) + Di{fi)gj)D,-Y. {9jDj{fi) + Dj{gj)fi)Di 



= J2 D,{ngj)Dj - Dj{figj)Di 



m 



Part (b) is a simple consequence of the fact that 

[Dk,Dij{f)] = Dk{Dj{f))Di - Dk{Di{f))Dj = Dij{Dk{f)). 

The verification of the identity in (c) is left as an exercise for the reader. 
The left side is the sum of 8 terms. When expanded out, the right side is 
the sum of 16 terms, 8 of which match with the terms on the left, and 8 of 
which pairwise sum to 0. □ 
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The subalgebra S{m;n) is not simple. However, its commutator ideal 
S{m;n)^^^ is, and we have the following. 

Theorem 2.33. (Compare [SF, Prop. 3.3, Thm. 3.5, and Thm. 3.7].) 

Suppose m > 3. 

(i) S{m;n)^^^ is the subalgebra of S{m;n) generated by the elements 
A,i(a;^"^) where 0< o-k < p"''' for 1 < k < m and 1 < i,j < m. 

(ii) S{m;n)^^^ is simple. 

(iii) 5(m;n)(i) = 0^=_i(.S(m; n)^^))^ where s = (E^iP"0 -m-2 

and iS{m/,nY^^)j = S{m;n)^^^ fl W{m;n)j. 

(iv) S(m;n) = 5(m;n)(i) © ^^l^Yx^^'^P"' ^'^^'^^ Dj, where ej is the 
m-tuple with 1 in slot j and elsewhere, and 

T = T{n) = (p"i -1,...,^'*'" -1). 

We refer to the Lie algebras S{m;n)^^^ as the simple special Lie algebras 
of Carton type. More generally, each of the Lie algebras S(m;n), S(rn), or 
5(771; ri)^^) is said to be a special Cartan type Lie algebra. 

As Di^j{x^p) = Di, we have (^(m; n)(^))_i = W{m;n)-i. The deriva- 
tions Dj^i[xf'^) = x^pDj belong to (^(m; n)(^))o for all i ^ j, as do the 
derivations {xp xf^^ = x^ Di — xj^^A+i for i = 1, . . . , m — 1. Thus, 

dim(S'(m; n)(-'^))o > rn^ — 1. But the derivations x^ Di do not belong to 
(5(m; n)(^'*)o, as they fail the divergence zero test. Thus, dim(S'(m; n)(^'*)o = 
— 1, and it is clear that {S{m\n)^^'>)o = slm- 

There is a Lie algebra closely aligned to S{m;n) obtained by adjoin- 
ing the degree derivation Di = Yl^Li^j^^Di to the null component. As 
= kE for all E G W{m;n)k (compare (2.28)), the result of adding 
the degree derivation to S{m;n) is a Lie algebra, which we denote CS{m;n), 
whose null component is isomorphic to gl^. 

2.10. Hamiltonian Lie algebras of Cartan type (the H series) 

In this section, we will introduce a third series of Cartan type Lie alge- 
bras, but first some notation is required. Set 

(2.34) a{j) 

(2.35) j' 




if 1 < j < m 
if m + 1 < j < 2m, 

if 1 < j < m 
if m + 1 < j < 2m. 
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Set 

{2m 
D = Y, fiDi e Wi2m;n) | a{j')Di{fy) = a{i')Djifi>), 
i=l 

(2.36) l<i,J<2m|. 

It can be argued that H{2m;n) = W{2m;n) f] H{2m), where H{2m) is the 
subalgebra of W{2m) consisting of all the derivations which satisfy D{ujh) = 
0, where uh is the differential form given by 

m 

where Xj = .T^^^ for all j. In fact, the defining condition in (2.36) is equivalent 
to the statement that D{ojh) = 0. 

To gain further insight into the structure of H{2m;n), we define 

2m 

(2.37) Dh : 0(2m) ^ I^(2m), Dnif) = ^ a{j)Dj{f)Dj, 

and denote the image of the map Dh restricted to 0(2m;n) by H(2m;n). 
The elements Dnif) belong to H{2m;n) for all / G 0(2m; n), but the image 

of Dfj is proper, as the derivations x^ Dj/ for 1 < j < 2m belong to 
H(2m;n), but fail to lie in the image. 



Theorem 2.38. (Sec [SF, Lcm. 4.1 and Thm. 4.5] 

^2 



(i) Let D = J2i=i fi^i o-^d, E = J2^=i 9j^j elements of H(2m;n) 



Then 



2m 

[D,E]= Dh {u) where u = ^ cr{j)fj9j' ■ 

j=i 

(ii) H{2m;n) D H{2m;n)^'^\ 

(iii) H{2m;n)^'^^ is a simple Lie algebra with basis 
{^//(x^")) I ay^ (0,...,0) and a / (p"i - 1, . . . _ i)}. 

Thus, 

dimi7(2m;n)(^) = - 2. 
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(iv) For all f,g € 0(2m;n), 
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(2.39) [DH{f),DHig)] = DH{DH{mg)) 

(2m 
j;^^a{j)Dj{f)Dj,i9)\. 

Some comments are in order. First, it follows from assertion (i) that 
H{2m;n)^^^ is contained in H{2m;n), and hence that H{2m;n) is an ideal 
of H{2m;n). The formula in (iv) is a consequence of (i), since 

(2.40) [DH{f),DH{g)] = Dh{u) where 

2m 

u = Y.a{j)a{f)D^.{f)a{j)D,{g) 

2m 

= Y.''{f)D,,{f)D,{g) = DH{f){g). 
As special instances of that relation we have, 

{2Al)[DH{x^'''^),D„{xf)\ = a{j)DH{x^''-'^^) 

From the first equation in (2.41), we can sec that Duix^^^) G H{2m; n)^^^ 
for ah c / (p"i - 1, . . . _ 1). The coefficient of Dh{x^"'^''~'^~'^'^) in 

the second equation for 1 < j < m is 

a + b — ej — ej'\ f a + b — ej — ej. 



If 

(2.42) r = r(n) := (p"i - 1, . . . ,^"2- - 1), 



then ^ ^ = ( — 1)''^' for all 2m-tuplcs c such that < c < r. Now if 

T = a + b — ej — eji for some 2m-tuples a, 6, then < a — ej, a — e^' < r and 

^ ^ ( ^ \= (-l)l"-^.l - (-I)l«-Vl = 0. Thus, 
\a - ej>J 



[L>if(x(")),L>i/(x(''))] G spanF{L>ij(x(")) | < c < r}. 
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As a consequence, 
#(2m;n)(^) = H {2m; n)^'^^ = ...= span^iDHix^"^) | < c < r}. 

Because F(2m;n)(i) D if(2rn;n)(2) D ^(2m;n)(2) = H{2m;n)^^\ 
equality must hold, and H {2m; n)^'^^ = spanp{Z)j/(x'^'^)) | < c < r}. 

We may define a version of the ordinary Poisson bracket on 0{2m;n) by 

m 

(2.43) = ^ A(/)A'(5) - DAf)Di{g). 

i=l 

Note that 

2m 

(2.44) = 5;a(i)A(/)D,v(5) = DH{f){9). 

From this and Theorem 2.38 (iv) we see that 0{2m;n) := 0(2m;n)/Fl is a 
Lie algebra under the Poisson bracket, and its derived algebra 0(2m;ra)^^^ 
is isomorphic to H{2m;n)^'^\ 

The Lie algebra if(2;n)(^) is exactly the Lie algebra S{2;n)^^\ It is for 
that reason we have excluded the m = 2 case from Theorem 2.33. 

The degree derivation 2)i = J2'j=i^f^ be adjoined to the Lie 
algebra H{2m;n) or H{2m;n)^^^ to produce a larger Lie algebra. In the 
first case, we will write CH{2m;n); while in the second we will write 

if(2m;n)(^) ©F2)i to avoid possible confusion with (Ci?(2m; t7,))^^\ which 
is just the algebra H{2m;n)^^^ itself. 

The derivations 

(2.45) Qj := Dh {xf'^) = <y{j)xf'-^^Dj,, 1 < j < 2m, 

belong to H{2m; n), and expressions for their products may be derived using 
(iv) of Theorem 2.38: 

(2.46) [Q,,Qj] = S,ja{i)DH{xf-'^xf'-'^), 

(2.47) [Q^,DH{f)] = DH{g), where g = a{i)xf'-^^ Di,{f). 
We can now state 

Proposition 2.48. ([KS, Chap. 1, Sec. 6, Prop. 1]) The Lie algebra 
H{2m;n) is spanned over ¥ by the derivations D}{{f),f S 0(2m;n), as 
in (2.37), along with the derivations Qj,l < i < 2m, as in (2.45). Their 
products are given by (2.39), (2.46), and (2.47). 
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The simple Lie algebra H (2m; n)^"^^ of Hamiltonian type inherits a grad- 
ing from W{2m;n): 

r 

Jf(2m;n)(2) = {H{2m;n)^^^) . where 

{H{2m;n)^^'^). = H{2m;n)^'^^ nW{2m;n)j = D„{0{2m;n)j+2), and 

(2.49) r = p"i + • • • + _ 2m - 3. 

Thus, the null component (ii"(2m; n)^^))^ is spanned by the elements 

(2.50) Dnix'i'^xf^) = a{j)x\'^Dj, + a{i)xfDi,. 

Under the representation ip : VF(2m)o — > g[(0(2m)i), (p{D){f) = D{f), we 
see that the matrix of (p(^DH{x^f' x^p)^ relative to the basis {x^ , . . . ,x'^2m} 
is a{j)Eijr + (j{i)Ej^ii. As those matrices span the symplectic Lie algebra 
sp2m> we have (if(2m; n)'^^))^ = 5p2m- Moreover, (if(2m; n)(^))_^ is the 
dual V* of the natural 2m-dimensional module V for sp2mj but V* = V ss 
sp2m-™odules. It is well-known (and can be seen from (2.50) and (2.40)) 
that 

(2.51) sp2^ - S\V) 
as sp2TO-modules. 

Finally, we note that the Lie algebra CH(2m;n) also inherits a grad- 
ing from W{2m;n). The null component CH(2m;n)o is a one-dimensional 
central extension of [H (2m; n)^^^) by the degree derivation; thus it is a 
one-dimensional central extension of Sp2m^ which we denote by csp2^. 

2.11. Contact Lie algebras of Cartan type (the K series) 

In defining the final series of Cartan type Lie algebras, we suppose a{j) 
and j' are as in (2.34) for j — l,...,2m. Our approach will follow [SF, 
Sec. 4.5] (compare also [KS, Sec. 7.1]). Foi f e 0{2m + 1), let 

2m+l 

Dxif) ■■= ^ fiDi, where 
1=1 

(2.52) /, = xf^L>2m+i(/)+<T(0A'(/), l<i<2m, 

2m 

(2.53) hm+i = A(/) := 2f-Y,xfD^{f). 
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In particular, 

(2.54) DKil) = 2D2m+i 

(2.55) DK{xf) = a{j)Dj,+xfD2m+i 1 < J < 2m 

2m 

(2.56) i^K(4m+i) = E^?^^^ + 24!i+i^2m+i. 

i=l 

It follows (compare Proposition 2.61 below) that for all f,g& 0(2m+l), 

(2.57) [DKif),DKi9)] = DKiu) where 

u = A{f)D2m+i (g) - A{g)D2m+i if) + {/, g} and 

2m 

{1,9} = Y.a{j)D^{f)Dy{g) as in (2.44). 

Thus, the elements Dxif), f G 0(2m + 1), form a Lie subalgebra 
K{2m + l) oiW{2m + l). They are precisely the derivations D € M^(2m + 1) 
satisfying D{uk) £ 0(2m + V)ujk-, where ujk is the contact differential form 



2m 



and Xj = x^p for all j. 

Remark 2.58. Note that the form used in [Wil] and in [KS, Sec. 7.1] 
is Lo'j^ = dx2m+i + Yuj=i '^U')^j dxji, and so the formulas in those papers 
will he slightly different from the ones displayed in this work. 

For each (2m + l)-tuple n, the Lie algebra K{2m + 1; n) is by definition 
the intersection, K{2m + 1; n) = K{2m + 1) n W{2m + 1; n). 

The product in (2.57) can be expressed using the modified Poisson 
bracket 

(2.59) {f,g) := A{f)D2m+i{g) - A{g)D2m+i{f) + {f,g}. 
Thus, 

(2.60) [DK{f).DK{g)]=DK{{f,g)). 

Proposition 2.61. (Compare [SF, Sec. 4.5, Prop. 5.3].) Suppose for 
a = (ai, . . . , a2m+i), a-i G N, that \\ a\\:=\ a \ + a2m+i — 2. Then 
(i) = 

+ i II HI ^" + ^7'"^+')- II a II ('^ + ^-^^-+i)^a;(«+''— +^); 
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(ii) (l,,x(")) = 2x(»-^2r.+i). 

(iii) x(")) = a(j>("~'^') + {aj + 1 < j < 2m; 

(iv) (x(il+i,x(»)) = ||a||xW; 

(v) (xf^xj.^^x^")) = a{i)ajX^^+'^-'i'^ + a{j)aiX^''+''-'J'\ 

1 <i,j < 2m; 

(vi) (xf^xj,^\x('^)) = (oi/ - aj).x('^), 1 < i < m; 

(vii) The spaces K{2m + l;n)j = spsinf{DK{x^"'^) \ \\ a ||= j} give a 
grading of the Lie algebra K{2m + l;n) such that 

r 

K{2m + l;n) = K{2m + l;n)j, 
i=-2 

where r = p""^ -\ h p^^m + 2p"2m+i _ 2m - 3. 



Theorem 2.62. (See [SF, Sec. 4.5, Thm. 5.5].) K(2m+ l;n)W is a 
simple Lie algebra, and 

_ |K(2m+l;n) if 2m + 4 ^ mod p 

jV ( 2777- ~|~ 1 * 77- ) = \ 

{^/^(x^")) I a / T(n)} if 2m + 4 = mod p, 

w/iere T(n) = (^""1 - 1, . . . ,p'^2m+i _ r/ius, dimi^(2m + l;n)^^^ has 
dimension p^^"* \-n2m+i ^/jg yjj^g^ g^gg q^^j dimension p^^'^ \-n2m+i — i in 
the second. Moreover, K {2m+l; n)^^^ is isomorphic to 0(2?n,+ l; n)*^^^, where 
0(2m + l;n) is viewed as a Lie algebra under the product f x g {f,g)- 

From parts (ii)-(vi) of Proposition 2.61, wc see that K{2m + l;n)-2 is 
spanned by d2m+i '■= L)k{^) = 2D2m+i] and i^(2m + l;?i)-i is spanned by 
the elements dj := a{j')DK{x^p) = Dj + a{j')xy^ D2m+i for j = 1, . . . , 2m. 
These elements satisfy the rule 



(2.63) [di,dj] = Sij'a{i)d2m+i i<i,j<'2.m. 

The elements Dk{x^"'^) with || a \\= span the subalgebra i^(2m+l; n)o, 
which is isomorphic to the Lie algebra C6p2m = sp2m ® The space 
K{2m + l;n)-i is its natural 2m-dimensional module. 



Remark 2.64. For any of the simple Lie algebras q = 0^ Qi of Cartan 
type discussed in Sections 2.8-2.11, the sum mo := ©i>o 0i is a maximal 
subalgebra of g which is invariant under the automorphisms of g. This 
uniqueness property of mo is justification for calling the grading we have 
described in those sections the natural grading of g. Moreover, the spaces 
iT^e ■= ©j>^0j for ^ > — 1 afford a filtration g 2 Tn_i D mo D mi D • • • of 
g, which is often referred to as the natural filtration (see for example, [St, 
Defn. 4.2.8].) 
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In closing this subsection, we comment that very few of the simple Car- 
tan type Lie algebras described above are restricted. In fact, the restricted 
ones may be characterized as having their defining m-tuple n = 1, the tuple 
of all ones. 



Proposition 2.65. (See [K3, Thm. 2] and [St, (7.2)].) Let q he a 
restricted simple Lie algebra of Cartan type. Then g isomorphic to one of 
the following: I^(m; 1) (m > 1), ^(m; l)^^) (m > 3), ii"(2m; l)^^) (m > 1), 
or K {2m + (m > 1). 



2.12. The Recognition Theorem with stronger hypotheses 

By imposing strong assumptions on the non-positive homogeneous com- 
ponents, we can deduce the following version of the Recognition Theorem. 
The next two chapters will be devoted to showing that these additional hy- 
potheses must hold when the conditions of the Main Theorem are fulfilled. 
A similar result, phrased in the language of filtered Lie algebras, appears in 
[St, Cor. 5.5.3 (Weak Recognition Theorem)] for simple Lie algebras. 



Theorem 2.66. Let g = ©j=_2 5i be a finite- dimensional graded Lie 
algebra over an algebraically closed field F of characteristic p > 3. Assume 
that: 

(a) 00 its isomorphic to gl^, slm, sp2m, or csp2m = sp2m®'^I- 

(b) 0-1 is a standard go-module (of dimension m or 2m, depending on 
the simple classical Lie algebra g^^^ = [goiSo])- 

(c) //0-2 7^ 0, then it is one- dimensional and equals [0_i,0_i], and go 
is isomorphic to csp2m- 

(d) If X G 0j>o0j CL'^'d [x,0_i] = 0, then x = (transitivity); 

(e) If X E ©j>o0-j o.'iT'd [x,gi] = 0, then x = (1 -transitivity). 

Then either g is a Cartan type Lie algebra with the natural grading: 

X(m;n)(2) CgCX{m;n) 

where 

W, S, or CS and m = m, 
X = I H ov CH and m = 2m, 

K and m = 2m-|-l; 

or g is a classical simple Lie algebra: 

a) = slm+i ^ W{m;n), or 

b) = Sp2(m+i) ^ K{2m + l;n). 



2.13. at AS A go-MODULE FOR LIE ALGEBRAS OF CARTAN TYPE 
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Proof. By [St, Prop. 2.7.3], the Lie algebra g is isomorphic to a subalgebra 
of a Witt Lie algebra of Cartan type. Then the theorem follows from [St, 
Lem. 5.2.3]. □ 



2.13. Qe, as a go-module for Lie algebras g of Cartan type 

Next we will investigate the structure of (i < p — 1) as a go-module 
when g is a depth-one Lie algebra of Cartan type. Here we will follow Section 
10 of Chapter I of [KS]. See also [St, Sec. 5.2] for related results. For this 
purpose, it is convenient to introduce the following derivations in W{m): 



(2.67) S)/ := for / G 0(m), 

where Di = YlY=i^f^ degree derivation. Then deg(2)/) = deg(/) 
for all homogeneous / G 0(m), and these derivations multiply according to 
the rule, 

(2.68) 

= (deg(5) - deg(/))/52)i = (deg(5) - deg(/))2)/g. 

In deriving this expression, we have applied the general relation 

[fD, gE] = fD{g)E - gE{f)D + fg[D, E\ 

in (2.27). Recall from (2.28) that adlDi acts as multiplication by the scalar 
i on W{m)e for each £. In particular, when g = W{m) and m = 1, then 

go = F!l)i, and for each £ > —1, the space g^ = ¥x^f~^^^ Di is an irreducible 
go-module on which Di acts as multiplication by the scalar £. The go-module 
structure of g^ for m > 2 is the topic of the next result. 



Theorem 2.69. Assume g = W{m) for m > 2, and let g^ = W{m)i 
for all i > —1. Let f) be the Cartan subalgebra of go with basis x^P Dj 
(I < j < m,), and let Si (1 < i < m,) be the dual basis in t)* so that 
ei{xj^^ Dj) = Si J. Let b"*" = f) © n+, where n"*" is the F-span of all xf^ Dj 
with 1 < i < j < m, and set 

(2.70) gj := {D e ge \ d±v{D) = 0} 

m 

(2.71) g" := spe^n^['3 f = f^^^f^ = fSi\ degif) = i] . 
Then for £ < p — 2 we have: 
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(i) is an irreducible go-submodule of ge with a -primitive vector 
of weight {i + l)£i — £m when m + i ^ mod p; 

(ii) g^ is an irreducible Qo-submodule of Qe with a -primitive vector 
of weight lei, md g^ is isomorphic as a go-module to S^(y), where 
V = 0(m)i is the natural m- dimensional module of go; 

(hi) g£ = g^ ® g| when m-\- i^O mod p; 

(iv) When m > 3 and m + 1 = mod p, then g^ D g^ D gj D «s the 

unique composition series of the g^-module g^; 

(v) When m = 2 and m + £ = mod p (i.e. £ = p — 2), then 
5p-2 is spanned modulo gp_2 by x^f D2 and x'^ ^^-Di- Moreover, 
4-2/sJ-2 = ^(0) © -^^(0) and gp-2/gJ_2 = 0J-2 = Hip - 2)^1) = 
SP-^{V) as modules for gf,^^ ^ sl2- 

Proof. By (2.30) we have 

(2.72) div([xf)i5,-,D]) = x\'^Dj{div{D))-D{div{x\''^Dj)) 

= x\'^D,{diviD))-D{6,,,l) 
= x\'^D,{diviD)), 

which imphes that gj is a gg-submodule of g^ for aU i. This is also evident 
from the fact that go = g^Q^ © where g^^^ = S{m)o, and gj = S{m)i. 

Applying (2.27), we obtain 

(2.73) 

'_4'^Dj,Sf\ = x\'\Dj,^f]-Sf{xl'^)Dj 



- -\'\DjJ^i]-f^Jx\'^)D 



X. 



= )z),(/)Di + x\'^fD, - xf^fD, = )z),(/)Di. 

Thus, g^ is also a go-submodule of g^. Moreover, if y = 0(m)i, then the 
calculation in (2.73) shows that g^ = 0(?n,)^ = S^iV) as go-modules via 
the identification f Df. The vector = x\ ^i has zero product 



with all x^^^ Dj such that i < j, and [xf'^ Di,Ti je)] = £6i^iTi^{e). Therefore, 

D (t) is a b"^-primitive vector of g! and its weight is Isi relative to the 

^1 

Cartan subalgebra t). Relative to gl^^ = slm and its Cartan subalgebra 

h ^ the module S^{V) has a b"'"-primitive vector x^^ of weight £zui. 
Since £ < p — 2, the irreducible sl^^-module L{£wi) is isomorphic to the Weyl 
module V{£wi), which has dimension given by Weyl's dimension formula 
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(see (2.11)) so that 

It follows that is an irreducible 0q -module (hence an irreducible go- 
module) isomorphic to S^(y) for all ^ < p — 2, as asserted in (ii) . 
Consider the sequence of go-module maps, 

fDk ^ f®Dk ^ d±v{fDk) = Dk{f). 
The kernel is gj. Since 

(2.74) div(D„) = (m + ^)u 

for all u G 0(m)£, we see that g^ C gj if m + ^ = 0, and g^ n g^ = if 
m + i ^ mod p. 

Suppose x^"^Dk G Qe. and set 

Ej := (a, + l)L>fe,,(x("+^^)) = {aj+l)x^''^ Dk-x^''-"'^xf^ Dj-Sj^kX^''^ Dj e 
Then 

m m 
m 

Consequently, when m + i ^ mod p, g^ C gj + g^ so that g^ = gj © g^ 
as asserted in (iii). We also see that the above map x^^^Dy^ i— D]^{x^°-^) = 
^(a-cfc) essentially (up to a factor of (m + the projection of g^ onto 
the go-submodule g^ = S^{V). 

Recall that is the F-span of all x['^^ Dj with 1 < i < j < m, a 
maximal nilpotent subalgebra of g'^\ and b"*" := f) © n"*". We claim that any 

b ''"-primitive vector of g^ is a scalar multiple of xf~^^^ Dm or of D (e). The 

^1 

claim certainly holds when i = (see (2.73)). Assume that it holds for all 

i < s where 1 < s < p — 2, and let u be a b'''-primitive vector of Qs- Since 
[g_i,M] ^ 0, by transitivity, is a b^-primitivc vector of gs-i for some 

A: < m. In view of our assumption, this means that either [Dif,u] = x^^^ Dm 
or [Dk,u] = CD^is-i) where C S F^. No generality will be lost by assuming 

that C = 1. 
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Suppose [Dkiu] =2) (s-i) . If A; > 1, then 

^1 

u = + ^x^k^Dk^ +uo, uo G 05 nkeradDjfc. 

From this it is immediate that 

[x^k-i^kM = a;i'"^^4-iI^4^^A mod 0(m)L>fe. 

Since [n"*",?/] = 0, we have reached a contradiction, showing that k = 1. 
Then 

m 

u = sx^^'^^^Di + x^l^'^^x^P Di + u'q, «o G 05 n keradDi, 
implying 

[4')l»2,«] = -Sx(*+'^L>2+4'^4'^i?2+4'^[^2,tx()]-u[,(xW)L>2 

m 

= xS'+')L>2 + xi')^/,A+5^2 
1=1 

where 5 and the fi belong to the subalgebra of 0(m) generated by x^p with 
j > 2 and r > 0. Since s > 1 it follows that [x2^^^D2,'w] 7^ 0, a contradiction. 
We conclude that [Dk,u] = Dm. 

li k > 1 then u = x^x^^Dm + ui where ui G fls fl ker ad-D^. Then, for 

i < k, 

0= [xf^Dk,u] = xPxf^Dm-ui{xf^)Dk. 

This shows that k = m and ui = aDm + x^f^x^pDi for some a G 

0(m)s+i with Djn{a) = 0. But then n = aDjn + D (s) implying [n"*", aD^] = 

^1 

0. As a consequence, {x^f' Dj){a) = whenever l<i<j<m — I. Prom 

this it is easy to deduce that a = fix^i^^^ for some /x G F. 

If A; = 1 then u = x^^~^^^Djn + u[ where u[ G fls fl ker ad-Di. Then, for 
i > 1, 

0= [x^pDi,u] = x'l\Di,u[]~u[{x'i^)Di. 

Since u'i{x^p) G 0(m) does not involve x^^ , it follows that = for 

all i. But then u[ = by transitivity. This proves our claim. 

Now assume m > 3. Set Go := SL{V), a simply connected algebraic 
F-group, and identify Lie(Go) with g'^K Let T be the maximal torus of 
Go such that Lie(r) = [), and let be the Borel subgroup of Go with 
Lie(B"'") = b"'". By abuse of notation, we will identify the weights /x of T 
with their differentials {dij,)^ G f)*. In particular, the fundamental weights in 
X(T)+ will be denoted by tui,tu2, ■ ■ ■ , 'CUm-i (this will cause no confusion). 
Note that Q£ is isomorphic to S^^^{V) (8) V*, which is a rational Go-module. 
Since ^ < p - 2, it is easy to see that X+{S^+^{V) O V*) C Xi{T). So the 
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Go-™odule 0£ satisfies all the conditions of Proposition 2.15. It follows that 
every ^Q^-'-submodule of Qi is Go-stable. 

We claim that the flQ^^-submodule of generated by xf"^^"^ coincides 
with gj . Let us denote this submodule by g^ and suppose for a contradiction 
that g^ 7^ g^- Since we are assuming m > 3, Theorem 2.33 (i) applies yielding 
Dij{f) g^ for some / G 0(m)^+2- Since g^ is stable under the normalizer 

Ngq{T) of T, which acts doubly transitively on the set of lines {Fx^-^'' | 1 < 
i < m}, we may assume that = (m, 1) and / is a weight vector for 

T. Then / = ^xS"^^4"'^ " ■■xln"'^ for some G N with Y:T=i ai = £ + 2 



and ^ G F^. Because £ + 1 < p, the s[,„_i-modulc generated by x\ 
coincides with 0(m — l)^_|_iZ)m- Consequently, a„i > 1. From (2.31) it follows 
that [xf^Dj,Dm,i{g)] = Dm,i{{xf^Dj){g)) whenever 2 < i,j < m - 1. As 
£ + 2 — ai — am < p, the sIm-2-module 0(m — 2)f^2~ai-am is irreducible. 
Thus, no generality will be lost in assuming that Oj = for i ^ {1,2, m}. 

As [x^2^ Di, Dm,i{g)] = Dm,i{{x'^^ Di){g)^ and oi + a2 < p, we may assume 
further that a2 = 0. Then / = .x^'^^^Xm"^ where 04 + a„i = £ + 2. 

Let t be the minimal integer with the property that Dm,i (xf ^Xm^^ ^ 
g^. If t > 0, then £ + 2 — t ^ mod p. In this case Lemma 2.32(c) implies 

[D,,m{xm,DmA4^'^^^-''-'^)] = (^+2~t)I?„,i(xWx(^+^-*)) GgA{0}, 

a contradiction. Hence t = 0; that is, Xr^^^ Di = — -Dm,i (a^m^^^) ^ g^- On 
the other hand, g^ is Go-stable and there is an element in Ngq{T) which 

permutes the lines spanned by x^f^ and Xm D^. But then xf~^^^ Dm ^ g^, 
which is false. By contradiction, the claim follows. In conjunction with our 
description of the b+-primitive vectors in g^, this yields that for £ + m ^ 
mod p the gg"*^^ -module g^ is irreducible, proving (ii). 

Now suppose £ + m = mod p. Then our earlier remarks show that 
coincides with the gg""^^ -socle of gj. We denote by M the maximal Qq^^- 

submodule of g^. Since all gQ''^^-submodules of g^ are Go-stable, so is M. Let 

H he a maximal T- weight in X{M) and let v he a weight vector of weight 
fi in M. Then [n^,w] = 0. Our description of the b^-primitive vectors in g^ 

shows that a nonzero multiple of v lies in {x^/^^^ Dm, 2) (<;)}. Since xf^~^^^ Dm 

^1 

generates the gg^^-module gt, it must be that ^ = £zui, the weight of D (e). 

^1 

Hence, v < £vji for all u G X(M). It also follows that —£wm-i is the only 
minimal weight in X{M) and dimM^^^ = 1. 

Next we look at the dual Go-module M*. Since X{M*) = -X{M), 
the preceding remark yields that £wm-i is the only maximal weight of M* 
and dim(M*)^^™-i = 1. Let N := {ip e M* \ ip{u) = for all u G gf}. 
Clearly, iV is a Go-submodule of M* and M*/N = (g^)*. RecaU that g^ = 
V{£wi) ^ L{£wi). Then M*/N ^ L{£wm-i) = V{£wm-i); see Proposition 
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2.12. Since dim(M*)^^'"-i = 1, it must be that Iw^-i X{N). Let 
^ G (^M*Y'^-^-'^ \ {0} and denote by N' the Go-submodule generated by ■0. 
By Proposition 2.14(a), the Go-module A'^' is a homomorphic image of the 
Weyl module V{lwm-\)- As the latter is irreducible, so is A'"'. On the other 
hand, N' (;t N (because ij: ^ N). As a consequence, M* = N ® N' and 
M = N* © N'*. Since the subspace of b"'"-primitive vectors of M is one- 
dimensional, the Go-module M is indecomposable. As A^' ^ 0, this forces 
N = 0. But then M = g^, and our proof is complete in the m > 3 case. 
When m = 2 and ^ = p — 2, set 

(p-l-k) (k) n (p-k) (k-1) r-, ^ t 

for A; = 0, 1, ... where by convention x^^^^ = for j = 1, 2. The elements 
e = x^^'' D2, f = x^2^ Di, and h = x^^^Di — x'2^ D2 form a canonical basis of 
= sl2, and we have 



[f,Vk] = {k + l)vk+i, 
(2.75) [e,Vk] = {p+l-k)vk-i, 

[h,Vk] = {p-2k)vk, 

where Up+i = = V-i. The vectors = k~^x^f ^ ''^x'^ ^^"^i for k = 
1, . . . ,p — 1, determine a basis of 0p_2' ^^'^ from the expressions 

in (2.75) that 0p_2 = L{{p — 2)zui) as a module for flQ^\ As [/, vq] = vi and 
[e,Vp] = Vp-i, and the other basis elements of 0q^^ act trivially on vq and 
Vp, we have that vq and Vp span trivial 0Q^^-modules of gp_2 modulo Qp_2- 
Moreover, because [e,x^~^^ Di] = —vq and [/i, a:j^~^^Z)i] = {p — 2)xi''~^^ Di, 
the 0Q^^ -sub module of 0p-2/0p_2 generated by x^f ^^Di is isomorphic to 
L{{p — 2)nji). But since dim0p_2 = 2p, it follows that the v/. {0 < k < p) 
comprise a basis of Qp_2 and that 0^-2/0^-2 — ^{{P ~ 2)wi). Consequently, 
all the assertions in (v) hold. □ 

The submodules in (2.70) and (2.71) are useful in describing the subal- 
gebras of the restricted Lie algebras of Cartan type which contain 0_i © 0o. 



Proposition 2.76. (Compare [KS, Chap. 1, Sec. 10, Prop.] and [St, 
Lem. 5.2.3]). Let Q = Qj be one of the simple restricted Lie algebras 

W(rn;l), S{m;l)^^\ or H(2m;l)^'^\ and let L be a (not necessarily graded) 
subalgebra of Q containing 0-i00o. Then only the following possibilities can 
occur: 

(a) L = Q, 

(b) L = 0_i©0o, 
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(c) = W{m;l) and L = g_i © go © q\, where is as in (2.70), and 
L = slm+i when m + 1 ^ mod p. 

(d) g = W{m;l) and L = g_i © go © gj © -^2 © • • • © U-i, where 
Le = qI for £ / m{p - 1) - p, and (^(m; Q L/, C qI for 
I = m{p - 1) - p; thus S{m;l)^^^ © F2)i C L C ^(to; 1) © FSi 
where Di = Ylf=i ^f^^j' 

(e) g = S{m;l)^^\ where m + 1 = mod p, and L = g_i © go © 01 — 



Proposition 2.77. (Sec [KS, Chap. 1, Sec. 10] and [St, Lcm. 5.2.2].) 

(a) The space H{2m)(_ is irreducible as a m,odule for H{2m)Q whenever 
1 <i<p-3. Moreover, H{2m)i ^ 0(2m)3 ^ S^{V) where V is 
the natural 2m- dimensional module for H{2m)Q = 5ip2m- 

(b) The space H{2m;l)( is irreducible as a module for H{2m)o for all 

e. 

The next lemma is an immediate consequence of Theorem 2.69. 
Lemma 2.78. 

(a) Suppose that g = ®j>_i Qj is a Lie algebra of Cartan type S{m) or 
CS{m) with the natural grading. Relative to the Cartan subalgebra 
f] := s\)anf{D^^(ij^i{x^px^^^^) \ £ = 1, ... ,m — 1} of q^^^ and corre- 
sponding Borel subalgebras b+ and of gQ^\ the element Di (resp. 
Djn) is a 'b~ -primitive (resp. h'^ -primitive) vector o/g_i of weight 

—w\ (resp. Wm-i)- For k = 2,3, the Qq^ -module g^ is generated by 
the 'b~ -primitive vector -Di,m(a;m^^'') of weight —wi — {k-\-l)wm-i ■ 

(b) Suppose that g = ©j>_i Qj is a Lie algebra of Cartan type H{2m) 
or CH{2m) with the natural grading. Relative to the Cartan sub- 
algebra t) := spanp{he = -DHix^^^ xf^l^), 1 < £ < m} o/ g^^^ 
and corresponding Borel subalgebras b'^ and b" of g^^^ the vec- 
tor Di = Dh{xi^jjJ is a b'^ -primitive vector o/g_i of weight wi. 
If p > 5 and m > 2, the irreducible -module g^ is generated 
by the b~ -primitive vector p-i^+'^)'^i = Dh{xi^^), k = 2,3. If 
p = 5, then the g^^ '' -module g2 is generated by a b~ -primitive vec- 
tor e~^^^, and the g^^^ -module g^ is generated by a b~ -primitive 
vector e-3ii7i-TO2 (resp. e^^^^j when m>2 (resp. m = 1). 

Proof. From Theorem 2.33, we know that S{m)k is spanned by derivations 
of the form Dij[f), f G 0(m)fe_|_2 for k = —1,2,3. Since by Lemma 2.32(c) 
and (2.31), 



66 



2. SIMPLE LIE ALGEBRAS AND ALGEBRAIC GROUPS 



and 

= -{j-l)Di,^{xg^), 

and since [D£^i^i{x^^^ x^^^-^), Di^m{xm)] = for all £ ^ l,m — 1, we see that 

Di^m{xm) is a weight vector relative to t) of weight —{wi + {j — l)vjm^i). 

Now it follows from Theorem 2.69 that for k = 2,3 the >S'(m)o-module 
Qk = S{m)k = spanpjZ) G W{m)k \ div{D) = 0} is generated by a b"^- 
primitive vector of weight (k + l)zui + c[7f„_i relative to f). The vector 

^i,m(a^m^^^) is a b~-primitive vector of Qk of weight — (roi + (A; + 1)^x7^-1), 
as required. 

We turn our attention now to g of Cartan type i?(2m) or CH{2m). In 
this case, is seen to be irreducible for fc < p — 3 by [KS, Chap. 1, Sec. 10] 

(compare also [St, Lem. 5.2.2]). We have the Cartan subalgebra i) of Qq^^ 
spanned by vectors 

he = -DHix'l^x'llj = x^pD, - x%J),^^ {\<i<m) 

(see (2.50)), and corresponding to the simple roots relative to f), we have 
the root vectors 

et = -DH{xf^xf_l^^J = x^De+i - xf\_^^Di+^ {I < £ < m), 

fi = -£'jf(4+\4+m) = 4+1-0^ - x'Um^e+l+m (1 < ^ < m), 

Cfji = D uix^n^ — X^i^ D2m 
fm = -DH{x^2l)=4lDm. 

The b~-primitive vector of is realized by Dh{x^ij^^), which has weight 
— (A; + 2)wi for A; < p — 3. It remains only to show that when p = 5, the 

^Q^^-module gs is generated by a b~-primitivc vector of weight 

—?>wi — wi- But that follows from Lemma 2.79 below. □ 

Lemma 2.79. Let V be the natural 2m- dimensional module for ap2m- 
p > 5, then S^{V) is an irreducible 5p2m-i^odule. Ifp = 5, then S^(V) has a 
trivial submodule Y := spanp{(a;^^"'^-')^ | i = 1, . . . , 2m}. The quotient module 
S^{y)/Y is an irreducible module for ap2m '"^^^^ b'^ -primitive vector of 
weight Zwi + tx!2 (3roi if m = 1). 
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Proof. We identify V with 0(2m;l)i and the action of sp2m with that 
of H{2m)o on 0(2m;l)i. Then when p > 5, we can identify S^{V) with 
0(2m; 1^)5. By [St, Lem. 5.2.2], the i/(2m)o-module 0{2m;l)k is irreducible 
for all k. Thus, the result holds for p > 5. Now when p = 5, the space 
Y := spaxif{(^x\^^)^ \ i = 1, . . . , 2m} is a trivial sp2TO"Submodule of S^(V). 

The image of [x^^)'^x'2^ in S^{V)/Y is a b'^-primitive vector of weight 
Srui + nj2 if m > 2 (3wi if m = 1) relative to the Cartan subalgebra 
1) in the proof of Lemma 2.78(b). Since dim S^{V)/Y = dimi/(2r?T,; 1_)3, 
and H [2m; 1)3 is an irreducible module for 5p2m — H{2m)o by Proposition 
2.77(b), it follows from Lemma 2.78(b) that S^{V)/Y is a irreducible sp2m- 
module with a b'^-primitive vector of weight Swi + W2 if m > 2 (3wi if 
m = l). □ 

Lemma 2.80. Assume p = 5. Then 

i?(2; 1)« = H{2;1) = {Dnif) \ f G 0(2; 1)} = H{2;lf^ ¥Dh{x^'^ x^^^), 

where Dnix^i^x^^^) € (i7(2; l)(^))g. If Q = 0[=_i0i is a restricted Lie 
algebra of Cartan type H{2;1) or CH{2;1), and g is the subalgebra of g 
generated by the local part g_i ® So © 01? then 

(a) 03=03 = spanp I !)//(/) | / = a;^''^^^^ a;f ^4^\ ^x^^-*, ^x^^^j 

is an irreducible g^^"^ -m,od,ule generated by the b~ -primitive vector 
Dh{x"i^ x'^2^) of weight —3wi; 

(b) (g)^^^ = H{2; 1)(^) is a simple Lie algebra; 

(c) 0i C (?)(!) for all i + 0; 

(d) 06 = 0. 

Proof. This result is apparent from Theorem 2.38 (iii) and equations (2.46) 
and (2.47). □ 



2.14. Melikyan Lie algebras 

In characteristic 5, there exist finite-dimensional simple Lie algebras 
which are neither classical nor of Cartan type. Here we quote from [St, 
Sec. 4.3], which in turn follows the presentation of [Ku2]. 

Let W{2\'n) denote a second copy of the vector space 1^(2; n) and set 
(2.81) M(2; n) := 0(2; n) W(2; n) © W{2; n). 
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The space M(2;n) can be given the structure of a Lie algebra by defining 
an anticommutative bracket multiphcation as follows: 



[D,E] = [D,E] +2d±Y{D)E 
[D,f] = D{f)-2div{D)f 

[fiDi + /2-D2, ffi-Di + g2D2] = hg2 - /251 
[fA=fE 
[f,g] = 2{fDg-gDf) where 
Df = Di{f)D2-D2{f)Di. 



for all D e W{2;n),E G W{2;n), and f,g,fi,gi {i = 1,2) in 0(2; n). The 
product [D,E] of two elements of W{2;n) C M(2;n) is the same as in the 
Witt Lie algebra of Cartan type W{2;n). 

Although the above makes sense for any prime p, it is only for p = 5 that 
the multiplication defined by (2.82) satisfies the Jacobi identity; the proof 
of this fact can be found in [St, Lem. 4.3.1]. The Lie algebras M(2;n) are 
called the Melikyan algebras. From the construction we see that 

(2.83) dimM(2;2i) = 5'"i+"2 + 2 • 5"i+''2 + 2 • 5"i+"2 = 5"i+^2+\ 

The subspace W{2;n) of M(2;n) is a Lie subalgebra of M(2;n), and both 
0(2; n) and W(2;n) are VF(2;ra)-modules. 

We assign gradation degrees deg^(-) to elements of M(2; n), by using the 
natural gradation degrees deg^ in the Lie algebra W{2;n) and the degrees 
dego in the associative algebra 0(2; n): 



where D,E, and / are as above. Thus, M(2;n) = 0^=_3 ^(2; n)j, where 
r = 3(5^^1 +5"^^) — 7. We refer to this as the natural grading of M(2;n), 
a phrase motivated by the fact that ©j>o M{2; n)j is the unique maximal 
subalgebra of codimension 5 and depth > 3 (see [St, Thm. 4.3.3], which is 
based on [Ku2]). The natural grading determines a Z/3Z- grading M(2; n) = 
M32 ® Mg © M2 where = 0(2; ra), Mg = W{2;n), and = W{2;n). 

The natural gradation on M(2; n) is inspired by a certain gradation of a 
classical simple Lie algebra S of type G2 . Suppose 'K is a Cartan subalgebra 
of S and {a, 13} is a base of simple roots with a short and /? long. We assign 
a degree 1, —a degree —1, and ±/? degree 0. Then S = 0j=_3 9j, where 



(2.82) 



degM(^) 
degM(^) 
degM(/) 



3deg^y(L') 
3deg^(^) + 2 
3dego(/)-2, 



2.14. MELIKYAN LIE ALGEBRAS 



69 



gi = g°+/5eg°, g2 = g^^+z^, gs = g3"+2^ e g3"+'^. 

Indeed for the Melikyan algebra M = M(2;n), we have 

M_3 = Fi:)i e FD2, M_2 = Fi, M_i = fS^ © f5^ 

Mo = spanp{.T,f)i^^- \i,j = 1,2} 
Ml =Fxi^^ ©Fz5^\ 
so that 0j<o Mj = 0j<o Sj as graded Lie algebras. 

The Melikyan algebras can be characterized by their gradation. 

Proposition 2.84. (Sec [Ku2] and [St, Thm. 5.4.1].) Let g = 0^=_3 0j 
be a finite- dimensional, transitive and 1-transitive graded Lie algebra of 
height r, and suppose that 0^=_3 Qj = 0j=_3 M(2; 1^)^ as graded Lie al- 
gebras. If r < 3, then Q is isomorphic to a classical Lie algebra of type G2. 
J/r > 3, then g is isomorphic as a graded Lie algebra to a Melikyan algebra 
M(2;n) with its natural grading. 

Proof. By our assumption, go — 0^2' both g_i and g_3 arc two-dimensional, 
irreducible faithful go-modules, and g_ is generated by g_i. Since g is 1- 
transitive, Proposition 1.13 shows that g contains a unique minimal ideal J 
which is graded and contains g_i. 

Since dimg_2 = 1, the Lie product on g induces a gQ^''-Gquivariant pair- 
ing g_3 X gi — > F. The 1-transitivity of g along with the above remark 
implies that this pairing is nondegenerate. As a result, gi = g_3 = g_i as 

go^'-modules. 

The Lie product on g induces a go-module isomorphism g_3 = g_2 "SD 
g_i. Choose ui G gi and ti_3,u_3 G g_3 \ {0} such that [tti,ii_3] 7^ 
and [ui,?;_3] = 0. Choose U-i,V-i G g_i such that «_3]] = U-s 

and [v-i,[ui,U-3]] = V-3. Then [[ui,U-i],u-3] = [[tti, u_3], = -u_3 
and [[ui, t;_3] = 0. Hence, [g-i,gi] is a noncentral ideal of go, and 

[fl-i,fli] 2 flo^''- But then go = [g-i,gi] implying Jq = go and Ji = gi. 

By Lemma 1.16, we have J = 0^=_3 where s G {r — l,r}. Clearly, 
[flij Js] = for all i > 0. Since any go-submodule %s of generates an ideal 
0^>o (adg_i)*(IK5) of g contained in 3, the minimality of J shows that "Jg is 
an irreducible go-module. If [go, = 0, then 0j>i (adg_i)*(Js) is an ideal 
of g contained in 0^Zi3 "Jj, a contradiction. Therefore, = [go, ^s]- 

Let 3 be an arbitrary nonzero ideal of the Lie algebra J. Then g_3 C 
in view of transitivity and the fact that g_i C "3. Since gi C 3 and g is 
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1-transitive, it follows that 0_i C d- But then qq = C 3 yielding 

= [3o,^s] C a. This implies J = 0.>o (ad0„i)*(a^) C 3. We conclude 
that J is a simple Lie algebra. 

For k > -3, set 3(^k) ■= ®j>k ^i- Clearly, P(i),J(j)] ^ 'J{i+j) for ah 
i,j G Z, that is J = 3(-3) D • • • D D is a filtration of the Lie subalgebra 
"J. By construction, the corresponding graded Lie algebra 0j>3 (J(i)/J(j+i)) 
is isomorphic to the graded Lie algebra J. It is straightforward to check that 
J(o) is a maximal subalgebra of 3. Since J is a simple Lie algebra we now 
can apply [St, Thm. 5.4.1] to deduce that either s = 3 and J is isomorphic 
as a graded algebra to a simple Lie algebra of type G2, or s > 3 and J 
is isomorphic as a graded algebra to a Melikyan algebra M(2,n) with the 
natural grading. 

The adjoint action of g on J gives rise to a Lie algebra homomorphism 
tt: ^ Der(J). If kcr tt ^ 0, then kcr vr I) J, by the minimality of J. 
Since [J, 3] 7^ 0, this is impossible. So tt is injcctive. If J is a Lie algebra 
of type G2, then all derivations of J are inner, forcing 5 = J. Now suppose 
3 = M(2;n), and identify 5 with a subalgebra of Der(M(2; n)). Note that 
the natural gradation of M(2;n) gives rise to a grading of the derivation 
algebra Der(M(2;n)) relative to which tt: Der(M(2;n)) becomes a 

homomorphism of graded Lie algebras. According to [St, Thm. 7.1.4], the 
Lie algebra Der(M(2;n)) is spanned by adM(2;7T,) and the pth powers of 

Di,D2 e W{2;n) = M(2;n)o. Since deg(A)^ = -^P' for all j > 0, this 
description implies that 

7r(0) C (Der(M(2;n)))^. = adM(2;n). 

i>-3 

Thus, g = 3 = M(2;n), completing the proof. □ 



CHAPTER 3 



The Contragredient Case 



3.1. Introduction 

This chapter is devoted to a proof of the Main Theorem for graded Lie 
algebras g = 0j-_g0j in which g_i and gi are dual modules for go (the 
so-called contragredient case). We begin by focusing on three-dimensional 
subalgebras of g and their representations. Wc investigate conditions un- 
der which certain pairs of such subalgebras, which share a common one- 
dimensional Cartan subalgebra, generate an infinite-dimensional algebra. 
Next we focus on extreme vectors in gi and g_i relative to Borel subal- 
gebras and of go and show that a b^-priniitivc vector of gi and a 
b~-primitive vector of g_i generate a three-dimensional simple Lie algebra. 
We then proceed to show that g contains a subalgebra with a "balanced" 
gradation and use that fact to conclude that either g is a classical Lie algebra 
or the characteristic of F is 5 and g is isomorphic to a Melikyan Lie algebra. 

3.2. Results on modules for three-dimensional Lie algebras 

In this section, we create computational tools for dealing with modules 
for three-dimensional simple Lie algebras and Heisenberg Lie algebras and 
apply them to show that certain pairs of such Lie algebras sharing a common 
Cartan subalgebra generate an infinite-dimensional Lie algebra. 

The first result, which can be proved easily by induction, concerns mod- 
ules for a Lie algebra s spanned by elements e, /, h satisfying the commuta- 
tion relations 

(3.1) [e,f]=h, [h,e]=^e, [hj] = -^f. 

When ^ is specialized to be 2 (or equivalently, any nonzero scalar as p > 
2), the result gives information about sl2-niodules; when ^ = 0, the result 
applies to modules for a Heisenberg Lie algebra. 

Proposition 3.2. (a) Let U be a module for s = spaupje, /, /i}, 
where e, f, h satisfy the commutation relations in (3.1), and suppose 
U contains a vector uq such that 

h.uo = fxuQ f.UQ = 0. 
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Set U-i = and Uj = e.uj-i for j = 1,2, . . . . Then 

for all j = 0,1, ... . If f.Uj = for some j, then j = mod p or 

2^ = -(i-i)e. 

(b) Let V be a module for s = span^je, /, h}, and suppose V contains 
a vector vq ^0 such that 

H.vq = Xvo e.VQ = 0. 
Set u_i = and vj = f-Vj-i for j = 1,2, . . . . Then 

for all j = 0,1, . . . . If e.Vj = for some j, then j = mod p or 
2A = {j - 

In the next result and subsequent ones, we will adopt the convention 
of using the corresponding capital letter for the adjoint mapping. Thus, 
£^ = ad e, etc. 

Proposition 3.3. Suppose s = span^je, /, h} is a subalgebra inside a 
Lie algebra g, and the elements e, f, h satisfy the commutation relations in 
(3.1). Assume uo,vo are elements of g such that 

Fuo = Huo = —Xuq, 

(3.4) Evo = Hvq = Xvo, 

[uo,vo] = h. 

Then for £ € {2, . . . ,p — 1}, [E^uq, F^vq] is a nonzero multiple of h if and 
only if 2X^ik-l)(,fork = 2,...,i and X / i^,. 

Proof. Observe that 



Bd{E%) = [E,... [E, [E, Uo]]...]= J2{-lY , E'-^UoEK 
' ^ ' t^o 

Thus 



[E%, F'vo] = X;(-l)^ ^ j E'-'^UoE'^F'vo. 

Now by Proposition 3.2 (b), E^ acting on F^vq is a multiple of F^~^vq, and 
UqF^-^vq = F^-^Uqvq = F^-''h, which is if ^ - A; > 2. Thus, 
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(3.5) 

[E'uo,F'vo] = i-lY-'iEUoE'-'F\ + {-iyUoE'F'vo 



k=2 

k=l 



k=2 

We obtain a nonzero multiple of h precisely when 2 A ^ (A; — 1)^ for any 

Proposition 3.6. Suppose g is a Lie algebra containing nonzero ele- 
ments Cj, fi, i = 1,2, and h such that 

[h,ei]=2ei, [h,fi] = -2fi, 

[h, 62] = ae2, [h, 72] = -a/2, 

[cj, fj] = Sijh, 
for some a^O. If a e {1,2, ... ,p - 1} = ¥p \ {0}, set 

e[=Frf2, /{=^r%, 

e'2 = F|e; = F|Ff-«/2, = Elfi = ElEl-^e^. 

If Fp, set 

e'2 = E^ '^Efe2, /2 = F^ ^Fff2. 

Then we have 

[h,e[] =be[, [h,f[] = -bfi, 

[h,e'2] =-be'2, [h,f^]=bf^, 

where C,i and ^2 o.fe nonzero scalars, and b = a for a G Fp and b = a — 4 for 

Proof. First we assume that a € {1, 2, ... — 1}. Suppose a ^ p—1. Then 
[e2, e[] = = [/2, /i], from which it follows that 
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[e[,Eif[] e ¥Elh = 
[Fie[j[] e ¥Fih = 0. 



Applying Proposition 3.3 with s = spanpjei, /i, /i}, uq = 62, vq = /2, A = 
p — a, ^ = 2, and i = p — a shows that [e[, f[] = —[E\~°'e2., i^f~"/2] is a 
nonzero multiple of h, say ^h. 

Next take s = span]p{e2, /2, /j}, uq = /(, and vq = —iJ,~^e[. Notice that 
A = ^ = a in this case. Applying Proposition 3.3 with ^ = 2, we see that 
[£^2'"0)-^2^o] = ~A*~^[e2)/2] is a nonzero multiple of h. This finishes the 
proof of the proposition for a G {1, 2, ... ,p — 2}. 



Suppose a = p-1. Then e[ = F1/2, f[ = Eie2, e'2 = F^e[ = -F^fi 



Using Proposition 3.3 once again with s = spanip{e2, /2, h}, uq = ei, vq = /i, 
X = p — 2, ^ = p — 1, and £ = 3 allows us to conclude that [62, 72] is a nonzero 
multiple of h also. 

Now assume that a ^ ¥p and take 5 = spaupjei, /i, /i}, uq = 62, and 
vq = f2- Then A = — a and C = 2. Applying Proposition 3.3 with £ = p — 2 
shows that [e[, f[] = [EP~uo,Ff~ vq] is a nonzero multiple of h, say vh. 

Finally, take 5 = spanjr{e2, /2, /i}, uq = Efe2, vq = v~^Fff2, and £ = 
p — 2 in Proposition 3.3, where v = 2(o + l)(o + 4). Since A = — (a + 4) and 
^ = a in this case, we see that [£?2~^^0) -Pf "^"yo] = ^~^[^'2if2\ i^ ^ nonzero 
multiple of h. Moreover, because [e^,/2] = = [/(,e2] and p — 2 > 3, we 
have 



Theorem 3.7. Suppose g = 0tgzfl* a7,-graded Lie algebra containing 

homogeneous elements ei,fi,i = 1,2, and h satisfying the assumptions of 
Proposition 3.6. Suppose G g^, fi G 5-1^, where £\£2 > and not both £1 
and £2 are 0. Then g is infinite-dimensional. 

Proof. We may suppose that e^, f- for i = 1,2 are as in the statement of 
Proposition 3.6, and that [e^, f'^ = Qh where Q / 0. Define 





[e[,Fr'F?f2] = Fr'[Er'e2,Fff2]=0 
[El-'Ele2,f[] = Er'[E!e2,Fr'f2] = 0. 



□ 



ei = 26-Vi, fi = Cr'fi 

^2 = /2 = C2~V2, 

^=[ei,7i] = 2h-^h =[62,72]. 
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Then 



J/i,ei] = 2ei, [h,h] = -2fu 

[h,e2] = -2e2, [hj2] = 2f2. 

Moreover, ei G Qki, &i G flfcai /i ^ 0-fci> aiid h G 0-A;2) where fci = 
-(j> - b)ei - I2, k2 = -{p - b)ii - U2 if 6 G Fp and ki = {p - 2)4 + ^2, 
A;2 = 2^1 + — 1)4 if 6 Fp. Since A;iA;2 > 0, we may replace the initial set 
of elements with this new set and continue the process. Since the elements 
constructed lie in spaces Qt with 1 1 \ increasing at each stage, g must be 
infinite-dimensional. □ 

Theorem 3.8. (Compare [Kl, Lem. 20]). Suppose q = ©^^^ 0t is a Z- 
graded Lie algebra containing nonzero homogeneous elements ei,fi,hi, i = 
1, 2, which satisfy Cj G Qi^, fi G fl-^, where £±£2 > and not both £\ and £2 
are 0. Assume 

\^i-ifj\ ~ [hi,ej] = dijCj, [hij fj] — (^i,jfji 

where aij is the {i,j)-entry of the matrix 

and c 7^ 0. Then Q is infinite- dimensional. 

Proof. We have [/2, [61,62]] = — [ei,/i2] = cei 7^ 0, so that [61,62] 7^ 0. 
Similarly, [/i, 72] 7^ 0. Set ei = ei, 62 = [ei, 62], /i = /i, 72 = c~^[/i, 72] and 
h = hi. Then we claim these elements satisfy the hypotheses of Proposition 
3.6 (with a = 2). All this is apparent except perhaps for the following 
calculations: 

\hj2] = C-M[^l,/l],/2] = -2c-M/l,/2] = -2/2, 

and 

[62,72] = c-i[[ei,e2],[/i,/2]] 

= c-i[[[ei,e2],/i],/2] + c-n/i,[[ei,e2],/2]] 

= c"^[[/ii,e2],/2] + c"^[/i, [ei,/i2]] = -[/i,ei] = hi = h. 

Since [61,62] G Qe^+e-z h{£i +£2) > 0, we may apply Theorem 3.7 to 
obtain the desired conclusion. □ 



Corollary 3.9. Suppose that there are nonzero elements ei,fi G 5, 
i = 1,2, and h such that the relations in Proposition 3.6 hold with a = 0. 
Assume further that G g^., fi G 0-^^, where £1^2 > and not both £1 and 
£2 are 0. Then g is infinite-dimensional. 
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Proof. This is a direct consequence of Theorem 3.8 with hi = h = h2, 
c = 2, and 6 = 0. □ 

Proposition 3.10. Suppose e, f, h span a Heisenberg Lie subalgebra of 
a Lie algebra g. Assume uo,vo are elements of Q such that 

[f,uo] = 0, [h,uo] = -Xuo, 

[e,vo]=0, [h,vo] = Xvo, 

[uo,vo\ = z, [z,vo] = 2vo, [z,uo] = -2uo, 

[z, f] = —rif, [z, e] = Tje (some 77 G F). 



(3.11) 



Then 
(3.12) 

(3.13) 

(3.14) 



X^-^{Xz-ir]h) 
[E^UQ, F^vo] , E%] = 2{-lYi\ X\£r] - 1)E% 
[E%, F%] , F%] = -2{-lYe[ X\iri - l)F^va 
for all ^ G {1, . . . ,p - 1}. 

Proof. Following the argument in (3.5), we have 



E'uo.F'v,\ = Y.i-^)'[M-'U,E^F% 
fc=o ^ ^ 

= {-ly-^^e. x^-^euqFvo + i-iYii x^Uqvq 

= {-lY£\X^-\Xz-£r]h). 

Since [Xz - i-qh, E^uq] = {{ir] - 2)A + £r]X)E^uo = 2X{£r] - l)E^uo, equation 
(3.13) follows, and (3.14) is completely analogous. □ 



3.3. Primitive vectors in fli and 

In this section, we show that if e is a b "'"-primitive vector in gi, and / 
is a b~-primitive vector in 0_i, then [e, [e, /]] ^ 0, and e and / generate a 
three-dimensional simple Lie algebra. 

Henceforth in this section we assume the following: 

(^) = ©jez 0i ^■^ ^ finite- dimensional "L-graded Lie algebra over an 
algebraically closed field of characteristic p > 3. 

(b) go is classical reductive, and i is a maximal toral subalgebra of Qq. 

(c) {ai, . . . , am} is a base of simple roots relative to i, 

(d) gj G gQ% fi G gg"' denote nonzero root vectors corresponding to 
these simple roots. 

(e) b"*" = tSn"*" where n"*" = 0a>o0O' ^'^^ ^~ = t©n~ where n~ = 

©a>0 00 
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(f) the representation of := [flojflo] on g_i is irreducible and re- 



Assumption (f) implies that 0_i possesses b~-primitive vector / 7^ 0. 

Thus, there exists 5 e i* such that [t, /] = S{t)f for ah t G t and [y, /] = 
for aU ?/ € n~. If g is transitive (1.2), then g^. is a restricted module for 

Aq^^ for all k >0. In particular, gi will possess a b"'"-primitive vector e 7^ 0. 
Thus, there will be 7 G t* such that [t,e] = j{t)e for alH G t and [re, e] = 
for all X eti^. 

Lemma 3.15. Assume g is transitive (1.2) and e and f are as in Section 
3.3. Then [e, /] ^0. 

Proof. Suppose the contrary. Then since g_i is irreducible, it is spanned 
by vectors of the form [ci^ ■ ■ ■ , [e^j , [e^^ ,/]]...], /c > 0, and 

[e, hk ■■■ , [ei2,h^,f]] ■■■]] = hk ■■■ , [e, /]]] • • • ] = 0. 

By transitivity, e = 0, a contradiction. □ 

Lemma 3.16. /// and e are as in Section 3.3 and 5 = —7, then [[e, /], /] 
= if and only if [[e, /], e] = 0. 

Proof. Clearly, [[e, /],/] = if and only if 7([e,/]) = if and only if 



Theorem 3.17. Let q be a graded Lie algebra satisfying (a)-(f) of Section 
3.3, and assume that g is transitive (1.2). Let e and f be as in Section 3.3, 
and suppose that 5 = —7. Then [[e, /], e] 7^ 0. 

Proof. We begin by assuming the conclusion is false. Observe that then 
both [[e, /], /] and [[e, /], e] are by Lemma 3.16, and h = [e, /] is nonzero 
by Lemma 3.15, so that e, /, h span a Hcisenberg Lie algebra. If aj{h) = 
for all simple roots c^j. then h & i belongs to the center of go. But then h 
acts as a nonzero scalar Q on g_i by Schur's Lemma and transitivity. That 
would imply [[e, /], /] = Cf 0- Consequently, there must exist some simple 
root ctfe such that ak{h) 7^ 0. We suppose that and fk are root vectors 
corresponding to and — respectively, chosen so that e^, fk,hk = [cfc, /fc] 
form a canonical basis for 512- 



Let us set uq = —fk, vq = e^, and z = h^. Then the relations in (3.11) 
hold. 



stricted. 



[[e,/],e]=0. 



□ 



[/,no] =0, 
[e,vo] = 0, 
[uo,vo] = z, 
[z,f] = -rif, 




-Xuo, 

Xvq, 

2vo, 



[z, Uo] = -2uo 
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where A = ak{h) ^ and rj = 7(/ifc). Note that by replacing / by A ^/ and 
h by \~^h, we may suppose that A = 1. We claim rj ^0. li rj = 0, then for 



ei = -uo = fk, fi = vo = gfe, ^1 = -hk = [fk, efe] = -z 
62 = e, /2 = /, h2 = h= [e, f], 

we have the relations 



(3.18) [6«)/j] — ^i,jhi, [hijfij] — i^ii fj] — '^ijfji 

where ajj is the (i,_;')-entry of the matrix 



When ri = 0, then by Theorem 3.8 we would have that Q is infinite-dimen- 
sional. Therefore, rj 0. Note also that since g_i is a restricted 0Q^^-module, 

Because the relations in (3.11) hold, we can now apply Proposition 3.10 
to get (3.12)-(3.14): 



E'uo, F'vo = i-iyH {z - irjh), 
[E^uo, F^vo] , E^uq] = 2{-lY£[ {irj - l)E^uo, and 
'[E%, F%] , F%] = -2{-lYi\ {£r, - 1)F% 



for alHe {1, ...,p-l}. 

We suppose first that rj = 1. Here we exploit the fact that now 



[[Euo, Fvo],Euo] = -2{rj - l)Euo = 0, 
so that Euq and Fvq span a Heisenberg algebra. We set 



Euq, 



f = Fvo, 



h' = h — z, 



u 



'o = E%, v'q = cF%, z' = {-lY l\c{z - eh), 



for an arbitrary but fixed nonzero c G F. Then in view of the relations 
above, we have for 3 < ^ < p — 1 that 
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[/, vo],E'^uo 

z, E^uo] = (1 - £)u'o ^ 



Z ,Vn = 



\z\e'] 



{-iYe\c{i-i)f' 



Taking c so c 



-1 





[h- 

{£ - l)v', 
z' 

2i-lY i\ cii - l)u'o 
-2{-lYi\ c{£-l)v'o 

i-iYe\c[z-eh, [f,vo]] 

{-lYe\ ci£-l)e'. 

= (— l)^"-'^^! {£ — 1), we get that the primed letters 
satisfy all the relations in (3.11) with X' = £ — 1 and r]' = —1 = p — 
1 mod p. Consequently, by replacing e, f, h,uo,vo, z by the corresponding 
primed letters, we may suppose that rj ^ 0,1. 

Then setting £ = r]~^, we see that the right side of (3.13) becomes 0. 
The expression in (3.12) is nonzero since z and h are linearly independent 
due to the fact [z,e] = rye 7^ 0, while [/i, e] = 0. Since £ > 1, the vector 
e = E^uq (resp. / = F^vq) is a b^-primitive (resp. b"~-primitive) vector. 
Moreover the properties that pertain to e and /, namely [e, /] ^ and 
[[e, /],/] = = [[e, /],e| hold for them. Note also that h := [e, /] is not 
central. Indeed, if ft, G 3(0o)) then it acts as a scalar, say k 7^ 0, on Q-i, 
and as £k on (g_i)^. But then [h, f] = £Kf , a contradiction, since At 7^ 
and £ = ri~^ 7^ 0, but [[e, /], /] = 0. We may continue the argument with 
this new triple e,f,h of elements. Since when / G then / G g"j for 
some n G {2, . . . ,p—l}, the elements produced belong to the spaces Qt with 
I t I increasing. Thus, q must be infinite-dimensional. We have reached a 
contradiction. Thus, [[e, /],e] 7^0. □ 



3.4. Subalgebras with a balanced grading 

We consider graded Lie algebras 5 = 0^=_q Qj with 51 contragredient 
(as a go-module) to When g is generated by its local part 0-i ®0o©0i, 
we prove that must have a balanced gradation (i.e. q = r) and then argue 
that must be classical. For example, the Lie subalgebra of the Melikyan 
algebra M(2;n) generated by the local part is a simple classical Lie algebra 
of type G2. 

Our assumptions for the remainder of Chapter 3 are the following: 

(1) = ©j=-5 0i ^•s 0, graded Lie algebra over an algebraically closed 
field F of characteristic p > 3; 
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(2) 00 is classical reductive; 

(3) is transitive (1.2) and 1-transitive (1.3); 

(4) 0_i is an irreducible restricted module for 0q'^-* = [0o,0o];' 

(5) 01 is a QQ-module isomorphic to the dual module 0l^. 

(6) t is a maximal toral subalgebra of Qq; b"*" = t © n"*" where n"*" = 
©a>o0o/ o-'^d b" = ten- where = 0„>o9o°- 

Let G 0_i be a b+-primitive vector of weight A in the irreducible 
restricted 0q''^^ -module 0_i. We assume G 0i is a b--primitive vector 

of weight —A in the irreducible 0q^^ -module 0i. Since the Lie algebra 0o is 
classical reductive, it has a presentation by generators Cj, /j, i G I, hj,j € J, 
and Serre relations, (where I = J if no ideal summands of the form 3(00), 
or 0[^, s[„ or p0l„ with p \ n occur). There is an automorphism a on 0o such 
that a{fi) = Cj, a{ei) = fi, i E I, and a{hj) = -hj, j G J. 

Since the 0o-modules 0i and 0_i are dual to one another, there is a 

00-homomorphism (f) : 0_i 0i ^ 0o given by (/>(« ^ v) = [u,v]. Let be 
the free Lie algebra generated by q±i, and set ^ = d~ ® do ® d~^, where 
do = 00- Then 5^ is a Lie algebra (compare [BKM]), and it is generated by 
the elements ei,fi,i G I, hj,j G J, e^^. We may assign a grading to d 
by setting = deg(ej) = deg(/j) = deg{hj) for all i,j and deg(/^) = — 1 = 
— deg(e-^) so that d^ = Yl'S^i d±t where 'S±t is the span of the elements of 
degree it. We claim we can extend the automorphism a on 0o = do to one on 
d- Indeed, first define a new 0o-modulc structure on 0_i by x*v = [a{x),v]. 
Then f^*f^ = [ci, /A] = and hj * = f^] = -K{h,)f^. It follows 
from these calculations that 0_i with this new 0o-action is an irreducible 
00-module with a b--primitive vector of weight —A. Since such a module 
is unique up to isomorphism, we can define a 0o-module isomorphism cr : 
0_i 01 so that cr{f^) = e~^. The same argument shows that 0i under 
the 00-action x *u = [a{x),u] is a 0o-module with a b "'"-primitive vector of 
weight A. Thus we can define a 0o-module isomorphism cr : 0i — > 0_i so 
that cr{e-^) = f^. Note then that 

(3.19) cr{[x, w]) = a{a{x) * w) = [a{x),a{w)] 

for all X G 0o and w G 0_i oi w G 0i. We may now extend a to be an 
automorphism on the free Lie algebras d^ and d so that (3.19) holds for 
all X G 5^0 = 00 and w Ed'^ or w e d~- 

Let denote the Lie subalgebra of generated by the local part 0_i © 
00 © 01. There is a natural epimorphism (p : d ^ 9 taking the generators 
to the corresponding elements in 0. The kernel is a homogeneous ideal, 
^ = of d, which trivially intersects the local part d-i © 5^0 © 

Suppose m > 2 is minimal with ^ 0. Let y G ^m- Then [y,5^_i] = 
by the minimality of m. Hence [o'{y),di] = 0, and applying cp we have 
[(f){a{y)),Qi] = 0. By the 1-transitivity of 0, we must have (f){a{y)) = 0; that 
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is, a{y) G ^-m- Thus, a : ^-m- Arguing with the minimal n such 

that ^-n ^ shows that a : — >■ Thus, these two minimal values 
m,n must be equal, and a must interchange the subspaces and -^-m- 
Suppose we have shown that a interchanges and for all 2 < m < 
s <t. Then [^t,d-i] C ^t-i, and [a{^t),di] C i?_(t_i). Applying gives 
[(j){a{^t)),9i] ^ = 0. Once again by 1-transitivity, it must be 

that Q ^-t- Replacing t with —t and —1 with 1 in the argument gives 

a{^-t) C Since a is an automorphism, equality must hold. Thus, A is 
(T-invariant, so that there is an induced automorphism a on ^/^ = q. This 
says that the gradation of g is balanced. We now summarize what we have 
just shown. 

Theorem 3.20. Assume g = 0j=_gSj is a graded Lie algebra satisfying 
(l)-(5) of Section 3.4- Then the gradation of the subalgebraQ of Q generated 
by the local part fl-i®flo©fli is balanced. 

We now come to the first main result of this section. 

Theorem 3.21. Assume q = ©j=_gBj is a graded Lie algebra satisfying 
(l)-(5) of Section 3.4- Then the graded Lie subalgebra g generated by the 
local part g_i © flo ® 0i of q is either classical simple or isomorphic to pfll^p 
for some A; G N. 

Proof. The Lie algebra g generated by g_i © go © 0i satisfies all the 

hypotheses of the theorem, so we will assume from now that g = g. Let 
S := ©j>o (adgi)*g_q. Since g is generated by its local part. Lemma 1.16 
shows that S is the unique minimal ideal of g. This, in turn, implies that 
Annas' = 0. In particular, the center 'i{S) = and g can be regarded as 
a Lie subalgebra of Der(S'). Let G denote the connected component of the 
automorphism group of the Lie algebra S, and let L denote the Lie algebra 
of the algebraic group G. Then £ is a Lie subalgebra of Der(S'). 

(a) Suppose we have established that adS C £. Then ad 5 is an ideal of 
L C Der(S'). Let R denote the solvable radical of the algebraic group G and 
"R = Lie(i?), a solvable subalgebra of Der(5). Since "Ji is an ideal of the 
subspace [31, ad S\ is a solvable ideal of ad S. Let r denote the inverse image 
of [31, ad S\ under the isomorphism ad : S ad S. 

Suppose 3? 7^ 0. Then [3?,adS'] 7^ and hence r n g_i 7^ by the 

transitivity of g. The irrcducibility of g_i shows that the go-module {x G 
g_i I [a;,gi] = 0} is zero. This, in turn, shows that J := [rng_i,gi] is a 
nonzero solvable ideal of [g-i,gi]. Since go acts irreducibly and faithfully 
on g_i, Schur's lemma implies that 3(0o) acts on g_i as scalar operators, 
so that dim 3 (go) ^ 1 (see the discussion in Section 1.10). Lemma 1.71 now 
says that J C 3(go) (one should keep in mind that [g_i,gi] is an ideal of 
go). Since J 7^ 0, there is z G 31 such that z{x) = x for all x G g_i. Since gi 
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is isomorphic to a go-submodule of Hom(g_i, go); wc have z{x) = —x for all 
a; G 01. But then ad0±i C Jl, contradicting the solvability of Ji. We thus 
deduce that 0? = 0. Consequently, G is a semisimple (connected) algebraic 
group. 

Because the center Z{G) of the group G acts trivially on XL, it also 
acts trivially on ad 5 C Since 3{S) = 0, it follows that the scheme 
Z{G) is trivial, i.e., G is a semisimple group of adjoint type. It follows 
that G is isomorphic (as an algebraic group) to the direct product of its 
simple components Gi, . . . , G^- As a consequence, L = Li (B • • • (B iid where 
Cii = Lie(Gi) (a direct sum of Lie algebras). Since [£-i,ad S] C ad 5 is a 
nonzero ideal of ad S and CjiCiLj = for i ^ j, the simplicity of S forces 
d = 1. In other words, G is a simple algebraic group of adjoint type. But 
then either £ is a classical simple Lie algebra or £ = pgi^p for some k eN. 
Since ad 5 is a simple ideal of L, we derive that S is classical simple. If 
S ^ ps[^p, then adS" = Dcr(S'), hence g ^ Der(S') is classical simple. If 
S = psij^p for some k &N, then ad 5 has codimension 1 in Der(S') = pgi^p- 
Therefore, in any event either g is classical simple or g = pgl^p, as wanted. 

(b) By Theorem 3.20, r = q. The argument used in the proof of Lemma 2.8 
shows that exp (tadx) G G for all x e S such that (adx)(^'+^)/2 = and ah 
t e¥. Prom this it follows that for all such x we have that ad x E L. Since 
p > 3 and (ad Q±q)^{S) = 0, this implies that ad Q±q C L. 

If g = 1, then 

adS = adg_i © [adg_i,adgi] © [[adg_i,adgi],adgi] C 

and the statement follows from part (a) of this proof. Thus in what follows 
we may assume that q >2. 

Suppose adgq_i C L. Then adg_i = [adg_g,gg_i] C and hence 
ads' C £, thanks to Lemmas 1.16 and 1.46. 

(c) Suppose g > 3. If p > 5, then 

(ad0,_i)(^'+^)/2(0) C (adg,_i)^(S) C g3,_4 = 0, 

which shows that adg^-i C li. Then our remarks in part (b) imply that g 
is either classical simple or is isomorphic to pgl^p. If p = 5 and (7 > 4, then 
(adgg_i)(P+i)/2(S') C Q2q-3 = 0. Again the result follows by part (b). 

Suppose p = 5 and q = 3. Given x G g^-i = Q2 set X := adx. Clearly, 
X'^ = 0. As X^{S) C gi © g2 © gs and X^{S) C gs, it must be that 
[X^iS), X'^{S)] = 0. By (the proof of) Lemma 2.8, exptX € G for aU t € F. 
But then again ad0g_i C and we are done by part (b). 

Suppose p > 5 and q = 2. For a; G gi we now have X'^{S) C 02 and 
X^{S) C 01 © g2. Also, X^ = 0. Hence cxptX G G for all t G F provided 
that p>7. If p = 7, then [X' {S) , XP-\S)] C [gi © g2,g2] = 0, and again 
expfX G G for all t G F. Thus this case can be argued as in part (b). 
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(d) Finally, suppose q = 2 and p = 5. This case is much more complicated. 
We now have 

= 0-2© 0-1 © 00 © 01 © 02- 

Recall that g is irreducible and transitive. Therefore, 0_2 is an irreducible 
00-module and [[0-2, 02]) 0-2] = 0-2; see Lemmas 1.41 (b) and 1.49. 

Let Aq •— Anng(,(g_2) and A2 := {x G 02 | [a;, 0-2] Q Aq}. By Lemma 
1.48 (i), the set {ad [u, v]\u E g_2, v G A2} is weakly closed in End(g_i). 
Since 

= (ad «)^(ad u)^0-i = 2(ad [u, u])^0-i 
for all u G 0-2, v G A2, Lemma 1.48 (ii) shows that [0-2,^2] annihilates 
0-1. Since is transitive, it must be that [0-2,^2] = 0. But then A2 ^ 
AnugS = 0. Since [^O)02] ^ A2, it follows that ^0 is an ideal of the Lie 
algebra 0-2 © 0o © 02- 

Let B := g_i © 0o © 0i, where Qi = {Q2i + ^o)Mo- The graded Lie 
algebra "B is irreducible and transitive, but a priori it is not clear whether it 
is 1-transitive. Nevertheless, we will proceed as in part (a) of this proof. 

Let I = 0-1 © [0-1, 0i] © 01. Since any nonzero ideal of S contains 
0-1, wc have 3(-^) = 0. Let G denote the connected component of the 
automorphism group of / and R the solvable radical of the algebraic group 
G. Let ^ := Lie(^), a solvable subalgebra of Der(/). Since (ad0-i-i)^(/) = 0, 
we have adi C Lie(G). Hence ad / is an ideal of Lie((5). Since is an ideal 
of Lie(G), we deduce that [IR, ad/] is a solvable ideal of ad/. Let t denote 
the inverse image of [Jl, I] under the isomorphism ad : / ad /. 

Suppose Ji ^ 0. Then [!R, ad/] / and hence r fl 0-i / by the 
transitivity of S. The irreducibility of 0-i shows that Anng_j gi = 0. This, 
in turn, implies that J := [rn0_i,0i] is a nonzero solvable ideal of [g_i,0i]. 
Lemma 1.71 says that 0o is classical reductive and J C 3(0o)- Arguing as 
in part (a) of this proof we reach a contradiction. Thus (5 is a semisimple 
algebraic group. 

Since the center Z(G) acts trivially on Lie(G), it also acts trivially on 
ad / C Lie(G). Since 3(/) = 0, this yields that (5 is a group of adjoint type. 
The structure theory of algebraic F-groups now shows that Lie(G) is classical 
reductive with 3(Lic(G)) = 0. Since any nonzero ideal of / contains 0-i we 
can argue as in part (a) to deduce that G is a simple algebraic group. But 
then / = ad / is classical reductive, too. Moreover, its derived subalgebra 
/(^^ is classical simple. Since / ^ Der(/(-'^^), the inequality / 7^ I^^^ would 
imply that /(^) = psl^p for some k eN and / = pQl^p = Der (psl^p) . But then 
all nilpotent derivations of /^^^ would be inner, forcing gi C /^^^ . This shows 
that / is classical simple. Since 23 is irreducible and transitive, it embeds 
into Der(/). Therefore, either B = / or B ^ pgl^^ and / = B^^). In any 
event, the simple algebraic group G has the property that Lie(G) = Der(/). 

(e) We now turn our attention to the Lie algebra S := g-2 © go © 02 and its 
ideal / := g_2 © [g-2, 02] ©02- Let tp: "B = "B/Aq denote the canonical 
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homomorphism. Since Aq annihilates 92 and g_2, it commutes with /. So 
IDAq is an abelian ideal of go- Since Qq is classical reductive, IDAq C 3(0o)- 
Since 3(0o) acts faithfully on g_2 = [g_i,0_i], we get IHAq = 0. Therefore, 

7^ (^(7) = /, and we can identify Der(7) with Lie(G'). Since 3(Der(7)) = 0, 
the natural pth power map on Der(I) then gets identified with the canonical 
(Ad G)-equivariant pth power map on Lie(G). 

The adjoint action of 23 on / induces a natural Lie algebra homomor- 
phism ip: "B ^ Der(/) = Lie(G'). Since go is classical reductive, it contains 
a diagonalizable Cartan subalgebra, [} say. We denote by IK the image of [} 
under tp. Since g_i is an irreducible go-modulc, f) acts diagonalizably on g^i; 
see Lemma 1.67. Therefore, f) acts diagonalizably on g_i ^ Hom(g_i,go). 
Since g is generated by its local part, t) acts diagonalizably on g. As a conse- 
quence, J{ is a diagonalizable subalgebra of Lie(G'), i.e., consists of pairwise 
commuting [p]-semisimple elements of Lie(G'). Let C (respectively, C) de- 
note the centralizer of !K in Der(/) (respectively, in ad/). Clearly, S' is an 
ideal of codimension < 1 in C. It is easy to see that C is isomorphic to the 
centralizer of i) in /. The group G acts on its Lie algebra Lie(G) = Der(/) 
via the adjoint representation Ad, and we have (Ad g){D) = g o D o for 
all g £G and D G Der(7). Let 

Za{J{) ■.= {x€G\ (Ad g){x) = x for all x G K}, 

the centrahzer oi'K in G. Thanks to [Bo, Sec. 9.1] we have C = Ij\c{Z q{'K)) ^ 
while [Bo, Sec. 13.19] says that the connected component of Zq{'K) is re- 
ductive. As a consequence, C is isomorphic to a Lie algebra of reductive 
group. Let 

c' — g'is® (f)n[g-2,g2])eg^ 

where gj.2 = {x G g±2 | [x, f)] = 0}. Then c' = C by our earlier remarks. 
The set 

{(ada;)|c' I x G q\ U (f) n [g-2,g2]) U q\} 

is weakly closed and consists of nilpotent endomorphisms of c'. Applying [J, 
p. 33] (compare Lemma 1.48 (ii)), we now deduce that the Lie algebra C is 
nilpotent. Since C is an ideal of codimension < 1 in S, the Lie algebra C = 
Lie(Zg(3i)) is solvable. Since the group Zq{!K) is reductive, the connected 
component Zq^KY must be a torus. It follows that C is abelian and consists 
of [p]-semisimplc elements of Lie(G). This, in turn, implies that c' is a 
diagonalizable subalgebra of /, yielding gj_2 = 0. 

Given t G define X{t) G Aut7by setting A(t)(a;) = fx for ah x G 
Qi n /. Since A(F^) is a one-dimensional torus, A(F^) is contained in G. 
Since "K preserves the graded components of /, we have A(F^) C Zq{^Y ■ 
Also, 

Lie(G) = Lie(G)_2 © Lie(G)o © Lie(G)2 
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where Ue{G)i = {x G Lie(G) | (AdA(t))_x = fx for all t e Let 
Zq{X) denote the centralizer of A(F^) in G. By [Sp, Sec. 8.4], there exists 
a parabolic subgroup P of G with Levy decomposition P = Zq{X) Ru{P) 
(where Ru{P) is the unipotent radical of P) such that Lie(i?u(-P)) = Lie(G)2. 
Let r be a maximal torus of G containing Zq{'K)° . Then T C Zq{\) and 

3f C e = Lie(Zg(J{))° C Lie(r). 

Let S be a Borel subgroup of P containing T. Then B is a Borel subgroup of 
G and Ru{P) is a normal subgroup of B. Therefore, Lie(i?u(P)) = Lie(G)2 
is (Ad i?)-stable. But then ad 02 = (ad/) nLie(G')2 is (Ad i?)-stable as well. 
It follows that 02 contains a nonzero element fixed by the derived subgroup 
(S, B) of B, say e. 

Since I is an irreducible G-module, the subspace of {B, i?)-invariants in 
/ is one-dimensional, hence equals Fe. Since B = T{B,B), the line Fade 

is a root space for Ad T. Let ^ denote the root system of G relative to T 
and ^'+(1?) the positive system of ^ corresponding to B. Note that all root 
spaces of Lie(G) lie in ad/ (for Lie(G')/ad/ is a trivial G-module). Let 7 
denote the root of ad e. It is immediate from the above discussion that 7 
is the highest root in ^'+(/?). As 7(A(t)) = t'^ for all t € F^, there is a 
nonzero / G g_2 such that ad / is a root vector corresponding to —7. Since 
Oi C Lie(r), there is a linear function rj on \) such that 

[h,e]=ri{h)e, [hj] = -rj(h)f h e i)) 

(to be more precise, r]{h) = ((d7)e o ilj){h) where (d7)e is the differential 
of the morphism 7: T — > at the identity element of T). Since ade and 
ad / belong to the Lie algebra of a semisimple subgroup of rank one in G, 
they generate an 512-triple in Lie{G). Let h = [e, /]. No generality is be lost 
by assuming that {e, h, /} is a standard basis of s := F/ F/i Fe = 5(2. 
Since all root spaces of Ad T are one-dimensional and 27 + a > 7 for all 
a \ {-7}, we have the equalities (ade)^(/) = Fe and (ad/)^(/) = F/. 

(f) Let E, H, and F denote the adjoint mappings on S" = ®j>o (adgi)*5_q 
{q = 2) corresponding to e, h, and /, respectively. Then S is an s-module 
with = F^ = 0so that 

EP-^{H + 1) = = (// + 1)FP-^. 

Therefore, [S, Sec. 5.2] implies that the s-module 5* is completely reducible 
with composition factors L{0), L{1), L{2), where L{k) = L{kwi). In par- 
ticular, all eigenvalues of H are in Fp. Let denote the eigenspace of H in 
S corresponding to G Fp. Since E'^{S) = (ade)^(/) = Fe by part (e), and 
dimV2 = dim E'^{S) equals the multiplicity of L{2) in S, we have V2 = Fe. 
Similarly, V^2 = F/. As p = 5, we have E{Vi) C V-2 and F(y_i) C V2. 
The equalities E'^ = = Q now yield [^1,1/2] = [F-i,F_2] = 0. But then 
the decomposition 

S = V-2® V-i ®Vq®Vi®V2 
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is a Z-grading of S. Since /i G f), all graded components Vi are f)-stable. 

As explained in part (e), the subalgebra f) acts diagonalizably on S. 
Thus, any f)-stable subspace M of S decomposes as M = 0Qg(j. where 
M" = {x & M \ [h, x] = a{h)x for all h G t)}. By our remarks in part (e), 
V2 = V^' and V-2 = VZ2- 

(g) The graded component V\ is spanned by the set X := IJiez a{h)=\ 0?- 
We claim that (adx)^ = for all x G X. If a; G gf and a^rj/i, then 

(adx)^(5) = (adx)^(y_7) ^ ^2"""° = 0' 
so our claim is valid in this case. Assume for a contradiction that there is a 

y G qI^"^ , for some s G Z, such that (ady)^ 7^ 0. Notice that = qZ^ = ¥f 
and 0^' = = Fe. Since y G ^i, we have {ady)^{S) = (adj/)^(F/) C 92- As 
/ £ 0-2; it must be that s = 1. We now consider 

a graded subalgebra of g (one should take into account that [q^Ji , Qi ^^'^] C t) 
as \j is self-centralizing in go)- Let [)o denote the kernel of rj, a subspace in 
5{s{v))- Consider the pairing 

^ Q-f^xef^ — > f)/f)o, — > [x,y] (mod [)o). 

Let Wi denote the orthogonal subspace to ^ in g"'''^, i = —1,1. By our 

71/2 

assumption, y Wi. If Wi had codimcnsion > 2 in g" , we would be 

able to find 01,02 G g^^^ and 61,62 G g_i''^ such that ^{ai,bj) = 6ij for 
all i,j G {1,2}. But then the images of 01,02, 61,62 and h would generate 
an infinite-dimensional subalgebra of g(?7)/[)oj sec Theorem 3.7. Therefore, 
Wi has codimension one in g,, i = —1,1. Since E{gi) = F(g_i) = and 
ri{h) = 2, the map E induces a linear isomorphism between g_i^ and g^^ . 

On the other hand, our assumptions on y and s imply that e G [g','^^, g^^^]. 
Hence 

i?(W^_l)C[gf ,[gf ,I^_l]]C[gf ,f5o]=0, 

yielding W-i =0. As a result, dim g^^^ = 1, that is g^^^ = ¥y. But then 
(ady)^(/) = 0, a contradiction. The claim follows. 

(h) Wc now follow [PI, Sec. 3] to show that for all a: G X and t G F 
the linear map exp (iad x) belongs to G, the connected component of the 
automorphism group Aut(S') of S. Let X = adx. Since = by part (g), 
this amounts to proving that 

[X^{u), X^{v)]=0 (iu,veS). 

Let u & Vi and v & Vj where —2<i,j<2 (we can view i and j as integers 
here). Since X'^{[X{u),v]) = and p = 5, it follows that 

[X'{u),X'{v)] = [X'{u), X'{v)] = lx{[X\u),X^{v)]). 
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Note that X'-^ annihilates Vo®Vi®V2. So if [X"^ {u) , {v)] / 0, then 
u,v ^ y_i U V-2- Since dim V-2 = 1, we also have {u,v} <f. V-2, while 
the equality [Vi, V2] = implies {n, v} (t V-\. In view of what is displayed 
above, we may thus assume that u = f and v € V-i. But then X^{v) = jie 
for some G F, and 

[X\u),X\v)\ = p.[[x, [x, /]], e] = -^,[x, [x, h]\ = 0. 

Thus, we have shown that exptX G G for all x G X and t G F. Since 
X spans Fi, it follows that ad^i d L = Lie(G). Since E,F e L too, and 
ad V-i = [F, ad Vi], we derive that £ contains a nonzero ideal of q. But then 
ad>S C By part (a) of this proof the result follows. □ 



3.5. Algebras with an unbalanced grading 

The previous section dealt with balanced gradings, so what remains to 
be considered are the Lie algebras g with Qi = (fl-i)* as go-modules but 

with an unbalanced grading. We will address such algebras in this section 
and complete the proof of our final (main) result on the contragredient case: 



Theorem 3.22. Assume g = 0j^_y Qj is a graded Lie algebra over an 
algebraically closed field F of characteristic p > 3. Suppose go is classical 
reductive with q^'q^ ^ 0, q is transitive (1.2) and 1-transitive (1.3), and Q^i is 

an irreducible restricted g'^^ -module. Assume further that gi is an irreducible 
Qo-module generated by a h~ -primitive vector of weight —A. Then either g 
is a classical Lie algebra with one of its standard gradings (see Section 2.4), 
or else p = 5 and q is a Melikyan algebra. In the latter case, the grading 
of g is the natural grading if r > q and is opposite to the natural grading if 
r < q. 

Proof. We assume that 

(i) go = go ' © • • • © gjf ^ is a decomposition of go into ideals q'q which 
are classical simple, s[„, gl„, pgl„ where p | n, or one-dimensional; 

(ii) t is a fixed maximal toral subalgebra in go and tW = t n Qq ; 

(iii) $ = U • • • U $[^1 , where is the root system of gg^ with respect 
fW; A = {ai, . . . ,am} is a system of simple roots in $; and 
and are the positive and negative roots respectively relative to 
A. 

(iv) for a G the root vector e^ spans the root space gp , and the triple 
of vectors {ea,e-a,ha), where ha G t, form a standard basis for a 
copy of 5(2: 

[cq, e_Q.] = /iq., [^aj^-a] = 2eQ., [/jq, e_Q.] = 2e_a. 

(v) n+ = 0„e*+ 00 > = 0ae*- 9o' = t©n+, and = t©n-. 
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For j > 0, the 0o-™odule g^+i embeds into Hom(0_i,0j) by transi- 
tivity (1.2). For j < 0, the go-module Qj-i embeds into Hom(0i,0j) by 
1-transitivity (1.3). Easy induction on | j | now shows that all homogeneous 
pieces Qj are restricted flQ^''-modules. 

Let e'^ be a nonzero b~-primitive vector of weight —A in qi, and let g be 
the graded subalgcbra of g generated by go, and e^^. Set Qi = gHgj. As 
g±i = g±i by our initial assumption, the graded Lie algebra g is transitive 
and 1-transitive. It follows that the Weisfeiler radical M(g) of g is zero. Since 
our assumption on gi implies that gi = g*_i as gg^^-modules, g satisfies the 
assumptions of Theorem 3.21. By that result, g is a classical Lie algebra with 
a standard grading (where has degree 1, degree —1, and elements of 
go have degree 0). 

Suppose now that g^ ^ Qt for some t > 2, but g^ = Qi for all 1 < i < t. 
Let Xfs € Qt be such that xp + Qt is a b^-primitive vector of weight (3 for the 
go-module Qt/9t- Then [f^,Xf3] G Qt-i and [fj,X)3] G Qt for all fj := e-aj 
(j = 1, . . . , m). Set /o := and ao := -A. The elemeiits /o, /i, ■ ■ ■ , /m 
generate a maximal nilpotcnt subalgebra n~ C g. Since n~ D g_i and g 
is transitive, there exists an / G {0, 1 . . . ,m} for which ^ 0. Thus, 

P — ai G ^(q), the set of roots of g. 

Let us suppose first that /3 is a root of g and that [fi,ep] ^ 0. Write 
= Yl^o^i'^i- Then bo = deg(e/3) = deg(a;^) = t > 2. Since twice a root 
is never a root in a classical Lie algebra ([S, Lem. IL2.5]), it follows that (3 
has height ht{(3) = YZ=o ^ ^■ 

Since root spaces of a classical Lie algebra are one-dimensional (Lemma 
IL2.6 of [S]), there is some scalar a G F'^ for which [fuxg — ae^] = 0. If 
P — ak ^ ^{q) for all k ^ I, then [f^, xp — aep] = for all such k. But then 
[n~,x/j — oe/j] = 0, contradicting the transitivity of g. Thus, there must exist 
a k I such that /3 — belongs to $(g). 

Suppose $(g) has rank two. Then A := {a^, ai} is a basis of $(g) and 
/3 is a root of height > 3 in $(g) with the property that /3 — a G $(g) for all 
a G A. Since Z^yn^Cg) = ±7 for all 7 G ^(g), this is impossible. Therefore, 
the rank of the root system $(g) is > 3. 

Set 

A(/3) := {ai\P-aie $(g)}. 

If all of the roots in $(g) have the same length (i.e., if the root system 
is simply laced), and if and aj are distinct simple roots in A(/3), then 
{ai,aj) = 0. To see this note that when all roots have equal length, then 
root strings through linearly independent roots have length at most 2. Thus, 
since ai G A(/?), we have 
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2(/3,«i) _^ 

{ai,ai) 

and similarly for aj. If {ai,aj) 7^ 0, then a-i + aj is a root, and 

2{P, aj + g,) _ 2(/3, a,) ^ 2(/3, aj) _ ^ 
{ai + aj, ai + ttj) {ai,ai) 
This forces /? to equal + Oj, which contradicts the fact that ht/3 > 3. 
Therefore, when $(5) is simply laced, we must have {ai,aj) = for all 
ai,aj G A(/?). 

We have argued earlier that there exists ak I so that [fk, xp—aep] 7^ 0. 
Since and ai both belong to A(/3), we must have (a^, a;) = in the simply 
laced case, and [fk, fi\ = 0. But then 

{l3-ak,ai) = {P,ai) > 0, 
so that [fi, [fk,Xj3 — aep]] ^ 0. On the other hand, 



(3.23) [/i, [A, - ae/3]] = [[/i, /fc], - ae/3] + [/fc, [/;, - ae/3]] = 0. 

This contradiction shows that all roots cannot have equal length, so it must 
be that $(5) is of type B^+i, C^+i, or F4 with m > 2, since the rank is at 
least 3. 

Suppose first that $(3) is of type B^+i. Let ^i) • • • ) Q^m denote the 
labeling of the simple roots of B^+i compatible with that in [Boul, Planche 
II] so that the highest root is 

(3.24) ao + 2ai + • • • + 2d^_i + 2d„ 

Since the coefficient of ao in the expression for /? is 60 > 2, it must be that 
ao = OLs for some 1 < s < m. Thus, /? must be of the form 

(3.25) 5^ di + 2 

j<i<l l<n<.m 
for < j < Z < m — 1, and A(/3) = {dj, d/}. 

Likewise, if <&(0) is of type Cm+i-, then the highest root is 

(3.26) 2do + 2di + --- + 2d^_i+d^. 
The root (5 must have the form 



(3.27) ^ dj + 2 I ^ dn j + dm or 2 j ^ d; j + d^ 

j<i<l \l<n<m j \i<l<m, 
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The second of these possibihties cannot happen, since A(/3) = {aj} in that 
case. For the first, A(/3) = {dj, d/} just as in the B^+i-case. 

In either the B^-i-i- or C^+i-case, if Z — j > 1, then (dj,^;) = 0, and 
we can use an argument as in (3.23) to arrive at a contradiction. If instead 

I — j = 1, then A(/3) = {dj,dj+i}. Since j < m — 2, the Cartan matrix 
entry Ajj^i = —1, so that the length of the dj4_i-string through dj is 1. If 
dj = ak, then set fj = fk, and adopt a similar convention for d^+i. 

Consequently /j]] = 0, and both (3 — dj — dj+i and f3— 

dj — 2dj+i are roots of Q. As root spaces of a classical Lie algebra arc one- 
dimensional, we can choose an appropriate c G F, so that [fj^i,xp — cep] = 0. 
Since g_i is generated as a £io-™odule by {fo, fi, ■ ■ ■ , fm}^ it follows from 
transitivity that [fj,Xi3 — cep] = (cfS-aj 0. Then 

[/j+l, [fj+l, [fj,Xf3 - CCfl]]] = C[/j+i, [fj+i,ep-ai]] 7^ 0, 
since ^ — dj— 2dj+i is a root of go- However, 

(3.28) [fj+i, [fj+i, [fj,X0 - ceg]]] = [[fj+i, [fj+i, fj]],X/3 - ce^] = 0. 

This contradiction shows that $(g) is neither B^+i nor C^+i. 

Suppose finally that ^(fl) — F4. We will adopt the labeling of roots 
compatible with [Boul, Planche VIII]. Because the coefficient 60 of ao in 
/3 is > 2, we need only consider roots having some coefficient larger than 1. 
Below we list the quadruple of coefficients of such roots first relative to the 

simple roots dj, then relative to the fundamental weights ruj. Translation 
between the two can be accomplished using the fact that dj = J2j ^ij'^j- 

root 0,1,2,0 1,1,2,0 0,1,2,1 1,2,2,0 1,1,2,1 0,1,2,2 1,2,2,1 
weight -1,0,2,-2 1,-1,2,-2 -1,0,1,0 0,1,0,-2 1,-1,1,0 -1,0,0,2 0,1,-1,0 

root 1,1,2,2 1,2,3,1 1,2,2,2 1,2,3,2 1,2,4,2 1,3,4,2 2,3,4,2 
weight 1,-1,0,2 0,0,1,-1 0,1,-2,2 0,0,0,1 0,-1,2,0 -1,1,0,0 1,0,0,0 

Now /? — dj is a root if and only if either the jth coordinate in the weight 
expression of (3 is positive or /3 + aj is a root and the jth coordinate in the 
weight expression of (3 is zero. Thus, the only roots having |A(/3)| > 1 are 

root 1,2,3,2 1,2,2,2 1,1,2,2 1,2,2,1 1,1,2,1 
A(/3) {d3,d4} {d2,d4} {di,d4} {d2,d4} {di,d3,d4} 



root 0,1,2,1 1,1,2,0 
A(/3) {d3,d4} {di,d3}. 
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Since there is a coefficient equal to in each of the last two roots, we 
may view the calculations for them as occurring in a root system of type 
C3 or B3. So by the same reasoning as in those cases, those possibilities for 
P can be eliminated. For the roots corresponding to the tuples (1,2,2,2), 
(1,1,2,2), (1,2,2,1), (1,1,2,1), there are two orthogonal roots in A(/?). Thus, 
an argument as in (3.23) using the fk,fi corresponding to those two roots 
can be employed in those cases. 

Finally, if the root (5 has coefficient tuple (1,2,3,2), A(/3) = {0:3, 0:4}, 
and both /3 — q;3 — 04 and f3 — 03 — are roots of g. However, 03 + 2a4 
is not a root, so that [/4, [/4,/3]] = 0. Then a calculation such as that in 
(3.28) can be done to rule out this case. Thus, $(g) cannot be F4 either. 

We have proven that if \ji^x^ ^ 0, then either /3 ^ $(g) or [fuep] = 0. 
Because \fi,X()\ = e-y, where 7 = /? — a;, we have [[/;, X/j], e_-y] = h^, and it 
follows that 



h-y = [[fi,e-j],xp] + [fi, [xp,e-j]]. 

If /3 ^ ^(So) (the root system of go), then since —a; — 7 = — /?, it 
must be that [/;,e_^] = 0, and the first summand in the expression for 
vanishes. If instead (3 € ^(so); then [/;, e/3] = 0, and we can replace xp by a 
suitable linear combination xp + cep, c G F to get [[/;, e_^], x^] = 0. (Such a 
replacement does not render the equality [[/;, x^], e_-y] = invalid, because 
we have shown that e^] = 0.) 

Thus, wc may assume that h-y = [fi, [xp,e-^]]. As [fi, [a;^,e_^]] € F/i„p 
it must be that € Whai- -^^^ then Wi{h^) = for all i I. Since p > 3, 
Bourbaki's tables show that either 7 = a/ or 7 = —af, see [Boul]. Since 
7 G ^(q)'^, we conclude that 7 = ai. As deg(e-y) > t — 1 > 1, it follows that 
I = 0; consequently, (3 = nao for some integer n. However, since [fo,xp] is a 
root vector of a classical Lie algebra, n must be two; i.e., 

P = 2ao (and t = 2). 

This implies that xp is a b~-primitive vector of Qt (because 2ao — aj ^ 
^(So)) 1 < J < fn)- Now take any v G {1, • • • ,m} for which {a^,ao) / 0. 
Then, since [fojXp] = eo and [fujXp] = 0, we have 
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[[fo,[fo,U]],^p] = (ad[/o,[/o,/.]])M 

= [Fo, [Fo, F^]] (xfs) (where Fq = ad /o, F^ = ad U) 



i=0 

72 



= F,F^{xp) = F,Fo{eo) 

= [ho, fv] = -O!uihao)fu 



whence 2ao + «;/ G ^(so)- Since ao and ckj, are simple roots, the classical 
Lie algebra g must have a root system of type B^+i, C,„+i, m > 2, F4, or 
G2 . Thus, we must consider, respectively. 



(3-29) o o ■ ■ ■ o^=» {m > 2) 

Oil 02 am ao 



(3.30) o o • • . o • <: o (m > 3) 

"1 "2 ttm-l Cto am 



(3.31) 



CKi a2 ao a^ 



(3.32) 



Since we showed that {au,ao) 7^ implies that 2ao + a^ G ^{Qo), neither 

(3.30) nor (3.31) can occur, since in (3.30), we can take v = m — 1, and in 

(3.31) , we can take u = 3. 

Let us now consider (3.29), where the root system is of type B^_|_i. Recall 
that in the Cartan matrix for B^+i (with roots numbered ao,ai, . . . ,Q;„i), 
we have Am-i,m = -2, so that am{hao) = am-i{ha^) = Am-l,m = -2. 
Then since (3 = 2ao and neither 2ao — am nor ao — a^ is a root, we have 
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= (sFoFmFi - FrnF^yxp) 
= (^^FoF^Fq — Fm-^o) i^ao) 
= (^FmFo — SFoFrn^ (hao) 

= (2-3(-2))[/^,/o] 

= 8[/o,/m]. 

However, because —Am-i,m = 2, the length of the am = cxo root string 
through am-i = is 2, that so [/o,/m] 0, but [fo, [/o, [/o, /m]]] = 0. 
This contradiction shows that the configuration in (3.29) is impossible. 

It remains to consider (3.32), where the root system is of type G2. Then 
O(i{hao) = Oi2{hai) = ^2,1 = "3. We calculate 

[[fo,[fo,[fo,[foJi]]],xp]] = X:(-irO)^o-'^i^oM 

2 77 772 /I I7_ I T? 774 



GFo'FiFo' - 4FoFiF^ + F.F^j {xfs) 

= ( - 6F2^i + 4F0F1F0 - FiFo)2) {ha, ) 

= -6ai(/i„J[/o, [/o,/i]] +8[/o, [/i,/o]] 
= (18-8)[/o,[/o,/i]] = 10[/o[/o,/i]]. 

Since the length of the ai = ckq root string through 0:2 = ai is —A2 1 = 3, 
[/o,[/o,/i]] / 0, but [/o,[/o,[/o,[/o,/i]]]] = 0. It follows that (3:32) is 
possible only if p = 5. 

Let 0-"''^ denote the subalgebra of g generated by the graded components 
fljj ^ > — 1 and let S = 0|=_3 Sj be the graded Lie algebra of type G2 from 
Section 2.14. The above discussion shows that 0j<o 9f~^ — 0j<o ^ 
graded Lie algebras. Clearly, Q-~^ is both transitive and 1-transitive. Recall 
that xp ^ Q2- Therefore, dimg^~^ > dimS2 = 1, implying g-~^ 7^ S. Now 
Proposition 2.84 enables us to deduce that g-""^ is isomorphic to a Melikyan 
algebra M := M(2;n) with its natural grading (as in Section 2.14). 

Suppose g 7^ Q-~^- Let g-^ denote the subalgebra of g generated by 
the graded components g^, i < 1. Set g^^ := g_j fl g-^. Then, since g is 
1-transitive, the graded Lie algebra g-^ = 0jg2 g^^ satisfies conditions (i) 



through (v). Furthermore, because g ^ g-~^, it follows that g-^ / go. 
Reasoning as above, we now conclude that the graded Lie algebra g-^ = 
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©iez df^ isomorphic to a Melikyan algebra M' = M(2; n') with its natural 
grading. 



Set 



e 



0^- ^ and M^:-- 



>-i 



1=0 mod 3 



i=±2 mod 3 



Then, as in Section 2.14, M-q is isomorphic to the Witt Lie algebra W{2;n), 
and the subspaces iWiig and are irreducible M-Q-modules. More pre- 
cisely, M-2 = W{2;n) = {E \ E e W{2;n)} and = 0(2; n), and the 
multiplication is as in (2.82): 

[D, E] = [D^] + 2d±v{D)E 
[D,f] = D{f)-2div{D)f 

[fiDi + f2D2,giDi + g2D2] = /i£/2 - /251 

[f,E] = fE 

[f,g]=2ifDg-gDf) where 

Df = Di{f)D2-D2{f)Di. 

As in Section 2.14, the algebra M may be assigned a Z- gradation ac- 
cording to: 

M_3 = ¥Di © FD2, M_2 = Fl, M_i = ¥Di © 
Mo = span]p{xil?j | i,j = 1,2} 

Ml = Fx^^^ © f4^\ 

Using these results, it is easy to check that the following hold: 



x^^^Di - x^2^D2, x^^^D2\ = 2x^1^ D2, 



3X^^^D2,X^2^ 



3x^^^ -2-3-x^^^ = 2x^^^ mod 5, 



x^^^Di - x^2^D2, x^^^Di] = -2x'i^D2, 



3x^^^D2,3D2 

x^^^D2,x^^'^Di 



= -9D2 + 2 • 3 • 3L»2 = -D2 mod 5, 

x^^^ Di - x^2^ D2, 



x'i\3D2 
.(1): 



3x«I)2, and 



x\''D2,D2 =[x^2^Di,x^2 



0. 
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Thus, we can put 



(3.33) 



fl 



/o 
ho 




3x^2 D2- 




X. 



\ 'Di. Then 

[h^xp] = 
[hi,xp] = 

[h^xp] = 

[ho^xp] = 



0, 



-2x13, 

[35^, x^^^Di] = -3x^2^ = 2eo mod 5, 
9x2^^ Di = Axp mod 5, . 



Since go 7^ 0-^; there exists by symmetry an x^p G 0_2 satisfying the 
following conditions 



(Recall that g_2 = 02" that the role of the /j's is played in this case by 
the Cj's, i = 1, 2.) 

We claim that [x/3, x^p] = 0. Indeed, let t' := Fx^^^Z^i Fx^^^D2- Then 
h := [xfj,x-p\ is in t', [x^^^Di, .xg] = 0, [x^^^ Di, x-p] e go, and 

[xS'^A - xWl>2, [x^i^Di. x-p]] = 2[x^^^Di, x-p] 

(see (3.35) above). By comparing eigenvalues relative to x^^ Di — x^^ 
we see that [x^^^ Di, x_/j] = ax^^^ D2., where a G F. Therefore, 

[xi^Di,[xp,x-i}]] = [xp,[x'-l^Di, x-p]] 
= [x^^^D,,ax'l^D2] 
= a{x^2^D2-x^^^Di). 

On the other hand, [x^i^Di, [xp,X-fs]] = -[/i, xj^^I)!] e Fx^^^S^. This 
implies that a = 0, so that [x^^^ Di^x^p] = = [h, x^^^Di]. Since h E i' 



(3.35) 



[hi,x-f3] 
[eo,x^f3] 
[ho,x^0] 







2x-i3, 

-2/0, 

-4x^0 
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and [x^pDi, x^^^Di] = [x^^^L>2, x^^^Dx] = 2x^^^Dx, we obtain that h = 
h{x^l^Di - x^2^D2) for some 6 G F. 

Suppose that 6 7^ 0, and set ei = x^^^ D2, fi = x'^^ Di as above, 62 := 
b''^x-i3, and /2 := X/j. Then [ci, fj] = Sijha^, 1 < i,j <2, and [hai,ei] = 
2ej, i = 1,2, and [hai,fi] = —2fi, i = 1,2. Then by Theorem 3.7, the 
Lie algebra generated by the elements Cj, fi i = 1,2, would be infinite- 
dimensional, so that we must have that 6 = and h = [xpjX^p] = 0. 

Set e[ := [xp,eo] and /{ := [x-f^Jo]. By (3.34) we have [[x/s,eo], fo] G 
Fxp. This yields 

= [[a;/3,eo], [x_^,/o]] = [[[x/3,eo],x^p],fo] 
= [[xi3,[eo,x_f3]],fo] = -2[[x^,/o],/o] 
= 4[eo,/o] = 

Using the results of Section 2.14, one sees that the 0Q^''-modulcs 0^~^ and 
04 map into the graded component 0(2)2, and so, as in the proof of Lemma 
2.78(b), are isomorphic to the 3-dimensional 0Q^''-modulc L{2). Inasmuch 

as [e'l, eo] G of'^ and [/{, /o] G 0^ \ and [hai, cq] = -eo (see (3.34)), we 
have 

[^ai, K,eo]] = [^ai, [[a;/3,eo],eo]] = -4[ei,eo]] = K,eo]] mod 5, 
and, by symmetry, 

[^ai,[/(,/o]] = -[/(,/o] mod 5. 
Comparing eigenvalues, we see that [e'^,eo] = [f[,fo] = 0- 

Now set e'2 := eo, /a := /o, h' := Ko, := /(, and /g := e'^. Then 

= 5,,,h', j = 2,3, and [h',e'^] = 2e^, [h' , f^] = -2/^, [h',e'^] = [h',f[] 
= [haQ,[x-pJo\] = -4e3 = mod 5, and, by symmetry, [h'Jl^] = -f^. 
Therefore, Theorem 3.7 applies, showing that the Lie algebra generated by 
e^, /j', i = 2,3, is infinite-dimensional. 

Thus, we have proved that if Qt 7^ 0t for some i > 2, then p = 5, and 
is isomorphic to a Melikyan algebra with the natural grading. If 0^ = 0^ for 
all i > 2 and 0_s 7^ 0_s for some s > 0, we deal with the opposite grading 

i=—r 

where 0^ = 0_i. Since 0i is an irreducible restricted 0Q^'*-module, this graded 
Lie algebra satisfies the conditions of Theorem 3.22. By the same reasoning 
as above, one can prove now that again p = 5, is a Melikyan algebra, and 
the grading of is the opposite of the natural grading. 

This completes the proof of Theorem 3.22 and with it the contragredient 
case of the Main Theorem. □ 



CHAPTER 4 



The Noncontragredient Case 



4.1. General assumptions and notation 

Throughout this chapter, in which we prove the noncontragredient case 
of the Main Theorem, our blanket assumptions are 

(1) = 0j=-g0j is a finite-dimensional graded Lie algebra over an 
algebraically closed field F of characteristic p > 3 with Q\ ^ 0; 

(2) 00 is a classical reductive Lie algebra, and go = 9o^' © • ■ • © 0o ' is a 
decomposition of go into ideals which are 

(i) classical simple, 
(n) 5ln, gin! oi" P0'n whcrc p\n,OT 
(iii) one-dimensional. 

Also throughout our conventions are 

(a) t is a fixed maximal toral subalgebra in go and tW = i fl gg' ; 

(b) $ is the root system of go with respect to t; A = {ai, . . . , am} is 
a system of simple roots in <1>; and and $~ are the positive and 
negative roots respectively relative to A; 

(c) for a G the root vector spans the root space go , and the triple 
of vectors (cq,, e_a, /ia), where ha G t, form a standard basis for a 
copy of 5 [2: 

(If (cq,, e_Q,, ha) is the triple corresponding to a G then we as- 
sume that the triple [e—a, Cq, h-a = —ha) is the one corresponding 
to —a G One of the vectors or C-a may be chosen to be 

an arbitrary nonzero root vector, and then the remaining vectors 
in the triple are chosen accordingly.) 

(d) n+ = ©„g^+ g^, n- = ©„g^_ g^, b+ = t©n+, and b" = i©n-. 

(e) ( , ) is a symmetric bilinear form on the dual space to t fl (^^^^ which 
is invariant under the Weyl group W of and whose restriction 

to each subspace (t'*' flgg^^)* of (tfigQ^'')* is nonzero. (Such a form 
can be obtained by mod p reduction of the l^/'-invariant form used 
in the tables at the end of [Boul].) 
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Weight vectors in g will be relative to the toral subalgebra t. Let 
Qj" = {x e Qi \ [t,x] = X{t)x for all t e t} denote the weight space in 
corresponding to A G t*. Let rui, . . . ,nJm be the fundamental weights rela- 
tive to our system of simple roots A so that vuiijiaj) = {zui, aj) = 5ij. Then 
any weight of t is a linear combination of the cc7j's. 

The classical Lie algebras of types and play a special role in what 
follows. Often we identify an algebra of type with sl(F) (or sl(y) modulo 
its center) and an algebra of type C„,, with sp(y) C sl{V). In the A-case, 
the natural module V has dimension rn + 1 and weights (1 < i < m + 1) 
relative to the toral subalgebra of diagonal matrices, where denotes the 
projection of a matrix onto its (i, j)-cntry. Thus, ei + • • • + = on 

sl{V), and the weights of V are tui , -072 — tui , . . . , Wm — '^m-i-, ~'^m in the 
language of the fundamental weights. In the C-case, V has dimension 2m 
and weights ib£j (1 < ^ < m), or in terms of the fundamental weights, 
±ci7i, ib(tz72— wi), . . . , ±(tUm— Wm-i). We will adopt the notation in [Boul] 
giving the expressions for the roots in terms of the weights whenever we 
consider the root systems of type A^ and C^. Thus for type A^, we have 

(4.1) 

^ = {ei-ej\\<i,j <m + l,i^ j}, 

A = {cKj = £i - £i+i \ l<i< m}, 
and for type C^, m > 2, 
(4.2) 

$ = {±£i±£j I 1 < i,j < m}, 

A = {aj = £i - Ei+i I 1 < i < m - 1} U = 2£^}. 

(Compare the discussion in Section 2.1.) The module V has a unique highest 
weight, namely tui, (relative to the usual partial order in which v < ji \i 
jjL — V = X^^i^jaj, where fc^ G N for all i), and a unique lowest weight, 
which is —w„i in the A^-case and is —wi in the Cm-case. We use the term 
standard representation to refer to either V or its dual module V* . In the 
C^-case, V is isomorphic to V* ^ but this is not true in the A^-case, since 
V* has highest weight and lowest weight —w\. 

4.2. Brackets of weight vectors in opposite gradation spaces 

Here wc obtain information about the weights of certain pairs of weight 
vectors lying in homogeneous spaces of opposite degree. This information 
will later help us to analyze the root structure of go and the structure of the 
go-module g_i. 

Lemma 4.3. Suppose for i that there are weight vectors x\ G g^j 
and x^ G gj corresponding to weights A,7 G t*, which satisfy the following 
conditions: 
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[xx, x^] = e-s, [x\, e^] = = [xj, es] for some 5 G 
Then either X{hs) = 1 or X{hs) = 0. 

Proof. Assume that \{hs){X{hs) — 1) ^ and set 

ei = [x^,es], 62 = [[[x^,es],es],es], fi = xx 
/2 = (x{hs){X{hs)-l)y\[xx,e.s],e-s]] 

If ^ := (^X{hs){X{hs) — 1)^ , then calculation shows that 
[ei,/i] = [[xj,xx],es] = hs 

[ei,/2] e F[[.T,,, [[.TA,e_5],e_5]] ,es] +F[a;^, [e^, [[xa, e-^], e-^]]] 

C F[x^, [xx,e-s]] = 
[e2,/i] = [[[[xy,xx],es],es],es]=0 

[62, f2] = C (x^El - 3EsX^El + SE^X^Es - EjX^) ([[x^, e.^] , e.^]) 

= -^E6X-,E]{[[xx,e-5\,e-5\) 
= -6EsXj{xx) = Qhs, 

where Es = ade^ and Xj = adx-y. Furthermore, since ei = [x-y, e^] and 
A = -(7 + 5), 

[hs, ei] = -X{hs)ei, [hs, 62] = {-X{hs) + 4)e2 

[hs, fi] = X{hs)fi, [hs, f2] = {X{hs) - 4)/2. 

Since X{hs) 7^ 0, this contradicts Theorem 3.7, which we apply by replacing 
hs by -2iXihs))-^hs and /2 by i/2. □ 

4.3. Determining Qq and its representation on 0_i 

Under a few additional assumptions, wc arc able to prove here that the 
commutator Qq^^ must be of type or Cm, and that the representation of 
Qq^^ on g_i is a standard representation. 

Theorem 4.4. Under hypotheses (l)-(2) of Section 4-1, suppose that 
there exist a h'^ -primitive vector f^ G g_i of weight A and a b^" -primitive 
vector e'" G 01 of weight F such that 

(i) [f^, e^] = e-a for some a G $; 

(ii) A(tW) Q for alii = I,..., I ifa€^+, and r(tW) / for all 
i = 1,... ,£ if a e^". 
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Then the commutator ideal Qq of go consists of a single summand, which 
is of type or Cm- Moreover, if a E then a is the highest root of ^, 
and A is the highest weight of a standard representation o/0q^\ If a ^ ^~ , 
then a is the lowest root of $ and F is the lowest weight of a standard 
representation of 

Remark 4.5. The condition A(tW) ^ for any i = !,...,£ holds 
automatically when 0_i is an irreducible go-module and g is transitive. In- 
deed, if A(t[^]) = for some i, then [gj)*^,/^] = 0, because in this case 
g_i is a completely reducible gj, -module with all composition factors be- 
ing simple modules generated by b"'"-primitive vectors of weight zero. Then 
g_i = J2jjLi^{5o^) by irreducibility. But this implies g-i is annihilated 
by go , which contradicts transitivity. 

Proof. It suffices to prove the result when a G for the argument in the 
case a G $~ is completely symmetrical and uses the hypothesis r(t[*I) ^ 
for any i. 

First we assume that a is a highest root of hence a highest root of 

ffcl (1) 
some summand ^ , and we show that then Qq ' is of type A^ or and A is 

the highest weight of a standard representation of . We begin by proving 
that K{ha) 7^ 0. Indeed, suppose K{ha) = 0. If g||^' is isomorphic to 612, 
then A(t['^l) = 0, contrary to assumption. Therefore, we may assume that 
the rank of g|f^ is > 2 and may choose /3 € \ {a] such that (a, fi) > 0. 
Then [ea, e_^] 7^ in go. Consider the weight vectors 

x\ = [/^, 6-/3], = [e^, ep], e-s = (r + a){hp)e-a = -A{hp)e-a- 

Since is a b^-primitive vector of weight A, and e^ is a b~-primitive vector 
of weight r, and A -f- F = —a, a lowest root, we have 

[x\,Xj] = [[f^, e_^], [e^, 6^3]] 

= [[[/^e-/3],e^],e^] + [e^, [[Ae_^],e^]] 
= -[e^\ [f\ [ep, e.p]] 
= A{hp)[e^,f''] = -A{hfs)e.a = e-s- 
In addition, since 6 = a, the highest root of g'^\ 

[x\,es] = = [x^,e_s]- 
Therefore, Lemma 4.3 applies and gives X{hs) = {K — (3){ha) = or 1. Since 
we are assuming that A(/iq) = 0, this forces P(ha) = or (3{ha) = —1- But 
/3(/iq) G {0, 1, 2, 3} as a is a highest root of Therefore, /3(/ia) = 0, which 
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implies (/3, a) = 0, a contradiction to our choice of /?. We conclude that 
^{ha) 7^ 0- But then applying Lemma 4.3 to the weight vectors and 
e_Q, gives A{ha) = 1- 

Our next goal is to prove that A(/i^) = for any /? € such that 
a — P ^ Indeed, if on the contrary, A(/i^) / for some /3 G with 
a — /? ^ we may consider the elements: 

ei = [e^,ea], 62 = [[e^, Cq,], e^j], 

Then because a — /3 ^ $ (so that [e_^, e^] = 0) and a is a highest root, we 
have a{hp) = 0, and hence /3{ha) = 0. Moreover, since F + a = —A and 
(rcsp. e^) is a b''~-primitivc vector of weight A (resp. b~-primitive vector of 
weight r), we have the following relations: 

[ei,/i] = ha = h, 

[ei,/2] = -A{hprV,ea],[f'',e_p]] 

= -Aihfs)-' ([[[e^, e„], f% e_^] + [/^, [[e^ e„], e_^]]) = 

[e2,/i] = [[[e^,/^],e„],e;3]=/3(/i«)e^ = 0, 

[62, /2] = A{hpr\[f'',[e^f,,[[e^,ea],e0]] 

= A{hpr\r + a)(^^)[/^, [e^, e,]] = /i, = ^. 
Furthermore, since A{ha) = 1, F + a = —A, and (3{ha) = 0, we have 

[h, Si] = -ei [h, fi] = fi, i = l,2. 

These calculations show that the elements h' = —2h, e'- = ei, f[ = — 2/j, for 
z = 1, 2, satisfy all the conditions of Theorem 3.7 and so generate an infinite- 
dimensional algebra. Since g is finite-dimensional, this is impossible. Hence 
A{hf3) = for any /9 e such that a - /3 

Take a simple root a„ in for some i ^ k. Since a — a„ we have 
^{han) = by what we have just shown. But A(tW) 7^ for alH = 1, . . . , ^. 
Consequently, $ must be an irreducible root system. 

If /? is a simple root for which a — /? € $ and a — 2/3 then necessarily 
/? G $W and a - /3 G In this case, set 

Then [x;^,e^] = = [xy, e_^]. Moreover, 

[^A,^;^] = [[f^,e^],ea-fs] = [e-a,ea-(3] = Ce-3 

for some ( ^ 0. Thus, A{hp) = or A(/i^) = 1 by Lemma 4.3 for such a 
root p. 

Let a = X^^ifejCCj. Examination of the root systems (see 4.5) shows 
that when $ 7^ A^ or Cm, there exists j G {!,..., m} such that 
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(i) a — aj £ ^, 

(ii) a - 2aj ^ 

(iii) (a, a) = {aj,aj), 

(iv) kj = 2 

(v) a — $ for all i G {1, . . . , m} such that i ^ j. 

Then by (v) and what we have shown, A(/iQ,.) = for i 7^ j. Since g_i 
is not a trivial 0Q^^-module, we obtain from the preceding paragraph that 
^{haj) = 1- But then in view of Theorem 2.3 we have that 

n 

A{ha) = A(^^{wi,a)hai^ = {wj,a)A{haj) = kjA{haj) = kj = 2, 

•t=i 

contradicting the fact that A{ha) = 1- It must be then that $ = A^n or 
$ = C^. 

If $ = Cm, then a = 2£\ and a — ^ $ for z > 1, so that A{hcn) — 
for i 7^ 1. (We are assuming the standard indexing of the simple roots as 
in 4.2.) Thus, A = awi and aj = ai. But since (a, a) = 2(ai,ai), k\ = 2, 
and A{ha) = 1, we have using (2.1) that 

K(u \ I \ 2(^1^") 4(oti,«i) 

1 = A{ha) = a{wi,a) = a— r- = a— r- = a{wi,ai) = a, 

(a, a) 2(ai,ai) 

so we can conclude that A = tui. 

For ^ = Am, we have a = ei—Em+i = cn + - • ■+am', a — ai, a — a„i G 
a - 2ai a - 2am ^ ^; and a - ai <I> for i G {2, . . . , r?^ - 1}. This 
forces A = aiwi +am'!^m- However, since 1 = A{ha) = ai + cim, we see that 
A = TUi or A = rUm- 

The proof of Theorem 4.4 in the case that a G will be complete once 
we show that a is a highest root of Let denote the graded subalgebra 
of generated by 0o, and . Set Qi = 0j fl 0. Let J be the sum of all 
graded ideals of having zero intersection with the local part 0_i ® 0o ©0i, 
and set q = q/J. Clearly = 0[=_g/0j is a graded Lie algebra satisfying 
all the hypotheses of Theorem 4.4. Indeed, we can identify 0o with 0o and 
Q^i with 0-1-1, as J intersects the local part trivially. The ideals A~ and A'^ 
(sec Proposition 1.39) must be contained in J. As a result, the following 
conditions hold: 

(a) If [x, 0_i] = for some x G 0j, i > 0, then x = 0. 

(b) If [x,Qi\ = for some x £q^, i < 0, then x = 0. 

Thus, in what follows we will assume that = 0, and hence that 
is generated by go, f^, e^, that g is transitive and 1-transitive (but not 
necessarily irreducible), and that there exists /3 G A for which [ea,ep] ^ 
(as otherwise a is a highest root, and we are done). Again we suppose that 
^[''l is the irreducible component of the root system $ containing a. As 
before, applying Lemma 4.3 to the weight vectors and e_Q we get 
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^(ha) = or A{ha) = 1- In either case, r{ha) = — (A + a)(ha) / since 
p>3. 

Put V-i = it(n-)/^ and Vi = il(n+) e^. For i > 2, define V±i inductively 
by setting V±i = [V±i, Each is a go-submodule of g^, and the 

graded subspace / := go ® Z^i^o ^ invariant under the endomorphisms 
ad/^ and ade'". Therefore, / is an ideal of g containing e^, and go- 
But then I = Q, yielding g_i = lt(n~)/^. 

Set = [[e-^,f%f^] and e^' = [[ea,e^],e^], and let = ad/^ and 
E^p = ade_^ denote the adjoint mappings. Then since (5 + ais & root, and 
twice a root is never a root, we must have P a and 

= E_p{F^f([[e^,e%e^]) 

= 2E_(3F^([[ea,e-a],e^]) = 2r(/i„)[e_;3, e_a]. 

As /3 G A, it can be easily checked that G g_2 is a b^-primitive vector 
of weight A'. We claim that G g2 is a b~ -primitive vector of weight F'. 

Indeed, if this were not true, then there would be a sequence Fj^, . . . ,Fi^ 
of length n > 1, where Fj = ade_a. , such that e' := Fj^ • • • Fi^e^' ^ and 
[n-,e'] = 0. But 

implies 7^ e' = ^[[eo-, e'"], e'"] for some ^ G and a G . Since n > 1, we 
must have 

[/^e']=2C[[e.,e_„],e^]=0. 

Since g_i = il(n~)/^, this yields [e',g_i] = 0, contradicting transitivity and 
proving the claim. 

Next we demonstrate that (2A — /3)(t[*^]) 7^ 0. Assume that d is any 
positive root for which [e_a,e_e)] 7^ 0. Set 

XX = [e-e, f^], x^ = e^, e_5 = [e_a, e_g]. 
An easy calculation shows that these weight vectors satisfy all the conditions 
of Lemma 4.3. Therefore, (A — 9){ha+e) G {0)1}- Setting 9 = P, we get 
(A - p)iha+0) G {0, 1}. If (2A - /3)(tW) = 0, then in particular ^p{ha) = 
A{ha) G {0, 1} and 1 = ^Pihp) = k{hp). If (a,^) = 0, then 

+ ^ (A/3) g 

(a + /3,a + /3) (a + /3,a + /3) ' J' 

This forces (a + /3, a + /3) = — contradicting the assumption p > 3. 

Hence it must be that (a,/?) 7^ and A(^cj) = ^P{ha) = 1. This implies 
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that a) = (a, a) so that a + /3) = (q, a) + /?) 7^ 0. Consequently, 

(A-/3)(/iQ+fl) = _ = 1. This means that 2(a,a) + (p.p) = 

[a + p,a + p) 

mod p. If a is a long root, then j3{ha) € {—1,0, 1} (see [Boul]). However, 
we know that (5{ha) = 2. As p > 3, we conclude a is a short root. Then 
from the relation 2{a,a) + (/3,/3) = it follows that only the case that 
p = 5 and <I>['^1 is of type G2 is possible. We assume that the elements of 
the base {ai,Q!2} of G2 are numbered so qi is short and 012 is long. Since 
P is simple and long, it must be that P = a2- Then from the fact that 
a is a short positive root, and a + P E ^I'^'l, wc sec that a = cti. Set 
e = ai + a2. Then [e_Q,,e_(9] / 0, A(/ia+0) = ^a2(/j-2ai+a2) = 0> and 
0{ha+e) = ("1 + a2)(/i2ai+a2) = 1- Therefore, (A - 9){ha+e) = -1 ^ {0, 1}. 

Thus, we have proved that (2A - ^ 0, that is a b ■^-primitive 

vector, and that e'" is a b~-primitivc vector. Hence, after scaling e'" by a 
suitable scalar factor if necessary so that [f^ ,e^]= R-Q-a, wc have that 
the triple (/^', 0o, e'"') satisfies all the conditions of Theorem 4.4. Repeating 
the argument with this new triple, we will eventually arrive at the highest 
root of •^['^l. Thus, we may assume that a + /3 is the highest root of ^t*^!, and 
that [f^ ,e^]= e-a-i3- Applying the previous part of the proof to the triple 
(/^'>0o, e'"'), we obtain that $ = and either $ = A^, A' G {wi,Wm}, 
or else ^> = Cm, A' = wi. 

We adopt the notation in (4.1) and (4.2). Let $ = C„i, m > 2. Then 
a + P = 2ei, and since /3 G A, /3 = ei — £2 and a = ei + £2- Because A' = 
2A — /? = oji = El in this case, we obtain 2A{ha) = 1. But A{ha) G {0, 1} 
by our previous considerations. This shows that the case $ = C„t cannot 
occur; i.e., there cannot be any such P, so that a must be the highest root. 

Now suppose that $ = A^ and A' = 2A — P = wi = ei. Since we are 
assuming a G is not the highest root, we have m > 2. As a + P = 
ai + • • • + am, /? G A, and a G it must he P = ai or P = am- Then 
A{ha) G {0, 1} forces P = am, Aljia+p) = 1, and A{ha) = 0. Set 



e-5' = -8[e_/3,e_a]. 

Then 




= i-4T -3a)iha)E_p{F^)\[[eo„e%e'']) 

= {2r){ha){4.A + a){ha)[e-p,e-a\ = -8[e-p,e-a], 
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because A + T = —a and A(/ia) = 0. The relations [x^'jC^'J = [xy,e_5'] = 
are easy to verify. Applying Lemma 4.3, we get that (3A— G {0, 1}. 
But it follows from the above calculation that (3A — /3)(/i„_|-^) = 2. This 
shows that the case we are considering ($ = Ky^,-, ts! = w\) cannot occur. 
The case $ = A^, m > 2, A' = can be handled similarly. This completes 
the proof of Theorem 4.4. □ 

4.4. Additional assumptions 

In the remainder of the chapter, we will often impose some or all of the 
following conditions in addition to our blanket assumptions (l)-(2). 

(3) 0_i is an irreducible go-™odule; 

(4) is transitive (1.2); 

(5) is 1-transitive (1.3); 

(6) 01 is a faithful 0o-module. 

Remark 4.6. When is a graded Lie algebra satisfying constraints (1)- 
(4) along with (6), then [0i,0_i] / by transitivity. Since 0o is assumed 
to act faithfully on 0i, we have [[0i, 0-i], 0i] 7^ 0. Thus all the hypotheses 
of Theorem 1.63 hold, so 0_i is a restricted 0Q^^-module. Condition (5) (1- 
transitivity) implies (6), so whenever constraints (l)-(5) are assumed (as in 
the statement of the Main Theorem, for example), 0_i must be a restricted 
0Q^^ -module. 



4.5. Computing weights of b -primitive vectors in fli 

In Remark 4.5, we have argued that when g is transitive and 0_i is irre- 
ducible, one of the hypotheses of Theorem 4.4 holds automatically-namely, 
A(t[*]) 7^ for all i whenever A is the weight of a b"'"-primitive vector of 0_i. 
Here wc show that under a few additional assumptions on the 0o-module 
0_i, the other assumption in Theorem 4.4 holds as well; r(tW) 7^ for all i 
whenever F is the weight of a b~-primitive vector of 0i. 

Theorem 4.7. Let q be a graded Lie algebra satisfying conditions (1)- 
(4), and assume 0_i is a restricted g'^^ -module with a -primitive vector 
of weight A. Suppose also that Qi contains an irreducible Qo-submodule gen- 
erated by a b~ -primitive vector e~^ corresponding to the weight —A G t*. 
Then the following hold: 

(i) r(tW) 7^ 0, i = 1, . . . whenever Qi has a -primitive vector of 
weight T; 

ill) If all h~ -primitive vectors of 0i have weight —k, then 0i is an 
irreducible 0q^^ -module. 
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Proof. Given a linear function t/^ on t we denote by V''*' the restriction of 
if) to t[*l n Qq^\ Assume eF G gi is a b~-primitive vector of weight F with 
r(#l) = for some A;. As g is transitive, we can regard Q\ as a submodule 
of Hom(0_i,0o) — 0-1 ® 00- In particular, qi is a restricted 0Q^^-module. 
Let be a b"'"-primitive vector of g_i corresponding to the weight A. By 
transitivity and irreducibility, we have from Remark 4.5 that A(t[*l) ^ for 
any z, so F 7^ —A. Then by transitivity, [/^, e'"] = C^-a for some ^ G 
and some a G It follows that h}-^'^ is a root of (flff^)^^^- 

According to Theorem 3.21, the subalgcbra g generated by 0O) a-^d 
modulo its Weisfeiler radical M(g) is isomorphic to a classical Lie algebra 
with a standard grading. Let A = A U {—A} be the canonical base for the 
root system of the classical Lie algebra g/M(g). Using the Dynkin diagrams 
in [Boul], it is straightforward to sec that AW is a minuscule weight (see 
Section 2.2) of the root system $W except in the following cases: 

(I) $ = $[1] U where $W = A^_i, AI^I = tuj^Li, $'^1 = Ai, A^l = 
2w\ , and the resulting root system is of type Bj^+i, 

(4-8) o o ■ ■ ■ o • > o (m > 1) 

Oil a2 Oim-l -A ttm 

(II) $ = $[^1 = Aj„, AI^I = 2vjm-i and the resulting root system is of 
type C^+i, 

(4-9) o o . . . o o-^r^ (m > 2) 

"1 "2 Oim-l Oim -A 

(III) $ = <5[il U $[2] where =Ai, Al^l = rof', ^Pl = A2, Al^l = 2ropl, 
and the resulting root system is of type F4, 

(4.10) o o 

oil -A "2 "3 

(IV) $ = $1^] = Ai, At^J = 3roi, and the resulting root system is of type 

G2, 

(4.11) cffi. 

Oil -A 

(V) $ = = C3, AI^I = tus, and the resulting root system is of type 

F4, 
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(4.12) o a=^ • 

"1 "2 "3 -A 

is a minuscule weig ht, then AW(/i^) G {-1,0, 1} for all 7 G ^>W. 
Since ^{hj) = 2, this implies that A''^'] it is not a root of {Qq^)^^\ contrary 
to our earlier remarks. Thus, Al'^'l is not minuscule, and hence it remains to 
handle Cases (I)-(V). 

We can rule out Case (II), since here $ = ^^^^ = Am and A'^' = 2TUm is 
not a root of (gW)^^'' for m > 2. In Case (III), $ = $[^1 U ^hcrc $W = 
Ai and ^>P1 = A2, and A^ = rof^, A^l = 2mfl Hence, A^ is not a root of 
(gW)*-^^ for i = 1,2. Likewise in Case (V), ^ = $W = C3, and W3 is not a 
root of (gW)(''. 

In Case (I), if m > 2, then # = #W U where $W = A^-i, ^'^1 = 
Ai, AW — roj^Li, and A^l — 2zu^^ \ If the root a in the first paragraph of 
the proof belongs to $+, then since A^ ^ for z = 1, 2, Theorem 4.4 applies 
and gives that $ is irreducible. Since this is false, we must have a G 
If r(tW) = 0, then A^ is a root of (g'^l)^^^ contradicting the fact that AI^I 
is a minuscule weight for $[^1. Hence, we may assume r(t^^^) = 0, so that 

[21 [21 

a = —a[ . (It is easy to check that a = —a[ ^ also holds when m = 1.) But 
then 

[e^ [/^, [/^, e«]]] = -2C[/^, [e_«, e«]] = 4C/^ / 0, 

where C is as in the first paragraph of the proof, which implies [/^, [/^, Cq,]] 7^ 
0. On the other hand, corresponds to a long root of go, and (ad /^)^ (go) = 
F/^ C g_i. As [[f^, [f^,ea]] G g_2, this shows that Case (I) cannot occur. 

In Case (IV), we have $ = $[^1 = Ai, Al-*-! = Swi, and the resulting root 
system is of type G2- Then a = ztcti. If a = ai, then Theorem 4.4 gives 
A = wi (the highest weight of the natural module), which is false. Hence 
a = —ai. But in this case, T^^^ = ai — A = —zui, and r(t) 7^ 0. This 
completes the proof of part (i). 

From now on we assume that all b~-primitive vectors of gi have weight 
-A. Set L = g/M(g). It follows from Theorem 3.21 that G := Aut(L)° is 
a simple algebraic group (of adjoint type), and adL = L is a G-stable ideal 
of codimension < 1 in Lie(G) = Der(L) (the equality Lie(G) = L holds if 
and only if L ^ P^hp)- There exists a homomorphism of algebraic groups 
(f): — >■ G such that for alH G Z we have 

Li = (g/M(g)) . = {x G L | 0(t)(x) = fx for ah t G F^} 
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(see the proof of Theorem 3.21 for more detail). Let Go be the centralizer in 
G of the one-dimensional torus (f){¥^). This is a connected, reductive sub- 
group of Go, and it is immediate from [Bo, Sec. 9.4] that Lie(Go) consists 
of all derivations of L commuting with (j){¥^). Since (j){¥^) acts trivially 
on Lie(G)/adL, the Lie algebra 50 = (g/M(0))p = adL(Lo) can be iden- 
tified with a Go-stable ideal of codimension < 1 in Lie(Go). Moreover, 
(Lie(Go))*^^^ = 00^' as Lie algebras. Identifying the 0o-module L_i with 0_i, 
we see that the adjoint action of go on go and g_i is induced by the differ- 
ential of the (rational) action of Go on L. There exist maximal unipotent 
subgroups and a maximal torus T in Go such that Lie(A'^^) = and 
Lie(f ) D t. 

Let Go be the derived subgroup of Go, and set T = T n Go. It follows 

from the general theory of algebraic groups that Go is semisimple (but not 
necessarily simply connected), that T is a maximal torus of Gq, and that 

Go = Go • Z{Gq)°; see [Bo], for example. Note that iV=^ C Go, and g[,^^ = 

(Lie(Go))*-^-' = (Lie(Go))*^^-'. Let Go be the simply connected cover of Go. It is 
well-known that there exists a surjectivc homomorphism of algebraic groups 
t: Go ^ Go whose kernel is finite (and central in Go) and whose restriction 
to any maximal unipotent subgroup U of Go induces an isomorphism of 
algebraic groups U ^ '-(f/). It is straightforward to see that ker(di)e C 
3(Lie(Go)). The inverse image T := i'~^{T) is a maximal torus of Gq. 
Since Go is simply connected, the Lie algebra Lie(Go) is generated by root 
vectors relative to T ( this is due to the fact that T has the smallest possible 
group of rational cocharacters). As SI2 is simple for p > 2, we then have 
(Lie(Go))*^^^ = Lie(Go). In conjunction with our earlier remarks, this shows 
that (dt)e maps Lie(G) onto q^q\ As a consequence, the adjoint action of 
00^^ on 0_i and 0o is induced by the differential of a rational action on 
0_i © 00 of the semisimple, simply connected group Gq. We retain our 
notation associated with the lattice of weights of T. 

To prove that 0i is irreducible, we identify it with a 0Q^^-submodule of 
Hom(0_i, 0o). By the preceding remark, the action of 0o on Hom(0_i, 0o) 
— 0!^i ® 00 is induced by the differential of the natural rational action of 
Go on Hom(0_i, 0o). Since /-(Go) = Go and Go = Go • Z{G)° , the Go-module 
0_i is irreducible. We denote by A the maximal weight of the representation 
of Go on 0_i. By the above discussion, (di)e sends Lie(T) onto t n 0o^^ 
To simplify notation we will identify t PI 0q^^ with Lie(r)/ker(d<.)e. As Go 
is simply connected, the differential map d: X{T) Lic(T)*, v ^ (dj^)e, 
has kernel pX{T) and induces an isomorphism (^X (T) / p X (T)^ ®i F 
Lie(r)*. As dA vanishes on ker(d;,)e, we may regard it as a linear function on 
tn0Q^'*. Note that A G Xi{T), because 0_i is an irreducible 0Q^''-module (see 
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Remark 1.70 and Proposition 2.13). Since dA is the weight of a b '''-primitive 
vector in the 0Q^^-module £|_i, it must coincide with the restriction of A to 

Suppose At^l is a minuscule weight for all k € {!,...,£}. Then A is a 
minuscule weight of X{T), which means 

that X(Hom(0_i,0o)) = X' U X" 
where X' = {-wX \ w G W} and X" = {-wX + 7 | u) G VF, 7 G $} (here 
W = Nq^{T)/Zq^^{T) is the Weyl group of Go). As $ does not have any 

2(y^ 7) 

components of type G2, this implies that —. — G |0, ±1, ±2, ±3} for any 

(7,7) 

u G X'uX" and 7 G As p > 3, it follows that all dominant weights of the 
Go-module Hom(g_i,go) belong to Xi{T). Hence Proposition 2.14 applies 
and we obtain that fli is Go-stable. 

Let ;U be a minimal weight of the Go-modulc gi. Then wq^ is a dominant 
weight of 01, hence it belongs to Xi{T). It follows that /x G —Xi{T). As 
the weight component 0^* consists of b~-primitive vectors, the weight d/x 

coincides with the restriction of —A to t fl 0o^\ As —A G —Xi{T) too, it 
must be that ^ = —A. 

Let V G X{qi). Then there exists w ^ W such that wv G — X(T)+. 
Because -^(01) is H^-stable, and —A is the only minimal weight of 0i, we 
have that wv > —A. But then A > —wu with —wu G X{T)^. As A is 
a minuscule weight, this implies wu = —A. Hence all weights of gi are 
conjugate under W. If and are linearly independent vectors of g^, 
then [/^, [te~^ — e^, f^]] ^ for any t G F, as te~^ — is a ^''-primitive 
vector, [te'^ — e^^,f^] / 0, and the triple {/'^,go,te~^ — e^} satisfies all 
the conditions of Theorem 3.17). But [0^,/^] C t and [i, f^] = ¥f^. This 
implies that [/^, [toe~^ — e'*,/^]] = for a suitable to G F. Consequently, 
dim0j' = 1. 

Summarizing, we have that 0i is an irreducible Go-module with maximal 
weight —wqX. As —wqX G Xi{T), Proposition 2.13 shows that 0i remains 

irreducible under the action of (di)e(Lie(Go)) = Qq^^ . Therefore, if AI^^^ is 
minuscule for any k G {!,...,£}, then we have the desired conclusion that 

01 is an irreducible 0Q^^-module. 

It remains to consider the case where the classical algebra L = g/M(0) 
corresponds to one of the diagrams (I-V) pictured above. In Case (I), we 
have that $ = u ^t^] where $1^1 = A^-i, ^"'^1 = Ai, At^l = roj^Li, and 
API = 2uj^^K (When m = 1, we assume that $[^1 = and A'^] = 0.) Since 
A G Xi(T), this yields A = t^^j^^Li + 2zu^^\ where roj^Li and wf^ are now 
viewed as fundamental weights in X(T). In our situation, 0_i = L(A) = 
-^(roj^Li) <8) L(2wm), and $ has the following Dynkin diagram: 
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(4.13) 



OLr. 



-2 Oira-1 Olr, 



Obviously, dimL(A) = 3(m + 1), and X(g_i) = WXVJWw\;l_^. As p > 3, it 
is straightforward to see that all dominant weights of Hom(0_i,0o) belong 
to XiiT). Applying Proposition 2.14 we now obtain that the subspace gi 
is Go-stablc. The above reasoning then shows that —A is the only minimal 
weight of the Go-module gi, and dimg^^'*' = 1. This, in turn, yields that A is 
the only maximal weight of the dual Go-module q\, and dim(0^)'*' = 1. Let 
M be the Go-submodule of q\ generated by a nonzero element ^ G [Qi)^- If 
M then 

M-^ = {x G 01 I V(a^) = for all ■0 e M} 

is a nonzero Go-submodule of 0i. As Af-*- is Lie(Go)-stable, it contains a 
b~-primitive vector. By our assumption, this forces M"*- n / 0. As 
0]"^ = 0j"'^, we must have that C M^. It follows that ^(0^^) = 0. 
But = for all zy ^ -A by the definition of Therefore, ^ = 

contrary to our assumption. 

As a result, 0^ is generated by a b"*"-primitive vector of weight A. By 
Proposition 2.15, there exists a surjective Go-module homomorphism : 
V{X) 0^, where V{\) is the Weyl module with maximal weight A. In 

our situation, V{\) = V{'cul^_^) (g> V{2zuf^) = L(A). This implies that in 

Case (I), the 0Q^^-module 0i is irreducible. A similar argument also works 
in Cases (II) and (III). (In seeing this, one should keep in mind that for 
groups of type A^, the Weyl modules V{2wi) and V{2'UJm) are irreducible 
provided p > 2.) In Case (V), we have <I) = <l)[i] = C3 and Al^l = w\lK 
It is well-known that in this situation V(^zu'^^^ = Li^zu'^^^ for p > 2, and 
-^(fl-i) = = Ww^^'^ U VFccr[^^. Direct verification shows that for 

p > 3 all dominant weights of Hom(0_i,0o) arc in Xi{T). Reasoning as 
above we derive again that 0i is an irreducible 0Q^''-module. 

It remains to consider Case (IV). In this case, 0o = 0l2) ^^^^ = 3tui, 
n~ = F/, and n"*" = Fe. Hence, 0_i = L{3) as 0Q^-*-modulcs (here we 
adopt the abbreviated notation L{k) for L(kzui), < k < p — 1). Since 

01 is a restricted 0Q^''-module, we have (ad/)*'(0i) = 0, while the above 
reasoning yields dim (01 n ker ad/) = 1. As a consequence, the s^-module 
01 is indecomposable of dimension < p. Note that L(3) = L(3)* and 0o = 

L{2) e F as 0^^^-modules. Therefore, 

01 ^ Hom(0_i,0o) = L(3)© (L(2)®L(3)). 
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li p > 5, then the sl2-module L(2) (gi L(3) is completely reducible; see [BO] 
for example. But then gi is irreducible, and we are done. So we may assume 
that p = 5. Recall that the graded component qi of q is an irreducible go- 
module generated by a b~-primitive vector of weight —A. In our case, this 
says that gi = L(3) as s[2-modules. If dimgi < 5, then gi = gi, because 
dimL(3) = 4. 

Suppose then that dimgi = p = 5. As gi = L(3), the quotient module 
gi/gi is trivial. As the endomorphism (ad/i)|gj is semisimple, gi contains 
a nonzero weight vector of weight zero, uq say. By transitivity, we have 
[uo,g-i] 7^ 0. Thus, go contains a nonzero weight vector with weight equal 
to a weight of g_i. But we know that g_i = L(3) and go = L(0) © L{2). 
The /i-eigenvalues of L(3) are 3,1,-1, and —3, while the /i-eigenvalues of 
L(0) (B L{2) arc 2, 0, and —2. Since p = 5, it must be that either the bracket 
of a b+-primitivc vector of g_i with uq is a nonzero scalar multiple of 
/, or the bracket of a b~-primitive vector v-3 of g_i with uq is a nonzero 
scalar multiple of e. For definiteness, we will assume that we are in the 
former situation. The proof in the latter case is similar. We can assume 
that 

Since ^3 is a b'^'-primitive vector of g_i, we have 

h= [ej] = [e, [^3,^0]] = [v3,[e,uo]]. 

Set a;_3 = [e, uq]. Then x_3 is an ^.-eigenvector in gi with eigenvalue 2 = —3 

mod 5. It follows that x_3 G gi. Since gi = L(3) as gg^'* -modules, it must 
be that [/, x-s] = 0. We thus have 

h = [vs,x-3], [e,V3] = [f,X-3] = 0. 

But then Theorem 3.7 shows that the subalgebra generated by 

ei := e, /i := /, 

62 := X_3, /2 := ^3, 

is infinite dimensional. This shows that gi = gi, completing the proof. □ 

Proposition 4.14. Assume q is a graded Lie algebra satisfying assump- 
tions (l)-(4) and (6). Let e^ G gi be a -primitive vector corresponding to 
a weight T / -A. Then r(tW) ^ for all i = 1, . . . 

Proof. Observe that g_i is a restricted go-module by Remark 4.6. The 
irreducibility and transitivity of g imply that 3(go) acts on g_i as scalar 
operators and this action is faithful. The transitivity of g allows us to 
identify the go-module gi with a submodule of Hom(g_i,go) = gli go- 
As a consequence, 3 (go) acts faithfully on gi. 

Now suppose r(tW) = for some i. Without loss of generality we may 
assume i = 1. Since 3(So) acts on gi as scalar operators, we have r{z) ^ 
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for any nonzero z G 3(So)- Then 3(So) 1^ 0o ~ showing that gj) is 
centerless (in particular, nonabehan). We denote by go,i the derived ideal 

of gj)^'. The above remark shows that go,i is classical simple. Let 

01 = I) Qn-\ d ■ ■ ■ d Qi d = 

be a composition series for the 0o-™odule gi, and let denote the weight of 
a b~-primitive vector of Qk/Qk-i- Since gi is a submodule of the restricted 
0Q^^-module fl!.i(8>0O) all the composition factors Qk/Qk-i are irreducible, re- 
stricted gg^^-modules. It follows that Qk/Qk-i is a completely reducible go,i- 
module generated by b~-primitive vectors of weight | tn go.i • ifrfe(tW) = 
for all k, then Q]^/Qk_i is a trivial go,i-module for all k. However, if Qk-i 
and Qk/Qk-i are trivial go,i-modules, then so is Qk- Indeed, for any v G Qk, 
we have x.v G Qk-i for all x G go,i. But then [x,?/]?; = x.{y.v) —y.{x.v) = 
for all x,y G go,i so that Qk is a trivial go,i-module too, because go.i is a 
simple Lie algebra. This would lead to gi being a trivial go,i-module, which 
cannot happen since gi is assumed to be a faithful go-module. Consequently, 
rfc(tW) / for some k. We may suppose that k is chosen so r;(t[^l) = for 
a\ll<k but rfc(t[il) 0. 

Let e^'' be a weight vector of Qk whose image in Qk/Qk-i is a nonzero 
b~-primitive vector. We claim that e^'' itself is a b~-primitive vector. First 
note that Qk-i is a trivial gQ^'-moduIc, so that /x(t[''"l) = for any weight 
of the go-modulc Qk-i (an immediate consequence of our choice of k). 
This implies that [e0,e'^^'=] = for any 9 G ($W)~ with i > 1. Suppose that 
u := [e-aj , e^''] 7^ for some simple root aj of ^^^h As n G Qk-i is a weight 
vector corresponding to the weight Ffc — aj, we have (Ffc - aj)(t[^l) = 0. 
Further, [eg,u] = [e^aj, [e6),e^'=]] = for any G ($W)" with i > 1. Thus, 
[(nW)~,u] = for all i = 1, . . . , ^, which is to say that u is a b~-primitive 
vector. Then it follows that [/^, u] ^ Ohy the transitivity of g. As A(t[^l) 7^ 
by transitivity (compare Remark 4.5), we have [/^,«] = C^p for some 
C G and /3 G $1^1. Since u G gj)^', which is centerless, and [ea,u] = 
for any a G 

($[!]) + , 

we see that /? is the highest root of Observe that 
A + Tk = P + ctj as functions on t. Since p > 3, the function (5 + aj G t* is 

not a root of q^qK Therefore, [/^,e^'=] = 0. 

Now if [e-ai , 6^*=] were nonzero for some I j, the above argument would 
yield A + F^ = /? + a;, which would force ai = aj. Hence, [e_Q, , e'"''] = for 
all / 7^ j. Using that property and the fact that [e_ap [e-aj, e'"*]] = for all 
it is easy to verify that [e_iy, 6^*=] = for all v G v ^ aj. 

Suppose (3 ^ aj. Using the relations obtained, we get 



[[[[/^,e_„J,e_^],e_;3],e^'=] = [[[/^, n], e_^], e.^j] 
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This yields that [[[/^, e_Q,^.], e_/3], C-^j] / 0. Since 0_i is an irreducible 
00-inodule and is a b"''-primitive vector of 0_i, the subspace P := 
il((n[^])~) ./^ C g_i generated by is an irreducible flo^'-module with 

a (b'^l)^ -primitive vector of wcig ht At^l = A I ^[1] . It follows from (r^ - 
aj){i^^^) = that A^^] = (3. Since the Lie algebra go,i is simple, the Qq^- 
modules 0o,i and P are isomorphic. Moreover, because /3 is a long root of 
$[^1, we must have 

[[P, e-f3],e-f)] C p-/^ (the - p weight space of P). 

However, this contradicts the fact that ^ [[[f^, ^-aj] > 6-/?]) ^-/s] € P~f^~'^i . 
Consequently, the case (5 ^ aj cannot occur. 
So let us suppose that (3 = aj. Then 

[[[[/^,e_aj,e-a,],e-aj,er'=] = 3[[[/^, u], e_aj, e-aj 

= -6Ce_«, 7^0, 

whence ^ [[[/ , e_Q-^. ] , e-Q,^. ] , e_Q,^. 1 G But since P is isomorphic to 

00,1 as 0Q^-modules, it is impossible for —2/3 to be a weight of P. This 
contradiction establishes the claim that e'"* is a b~-primitive vector. As a 
consequence, [/^,e'"'=] 7^ by the transitivity of g. 

Suppose Tk = —A. Let gi denote the go-module generated by e~^. If gi 
is irreducible then r(t[^l) 7^ by Theorem 4.7 (i), contradicting our initial 
assumption. Consequently, gi n Qk-i 7^ 0. We may thus assume without 
loss of generality that e^^ G gi. For all positive roots a G $'^1, choose 

G go 5 G 00 ha € t such that {ea,ha,e-a) form an s(2-triple 

in go,i. Recah that [e_a,e^i] = for all a G Since [f^,e^^] / by 

the transitivity of g and the definition of k which implies that e^^ has zero 
00,1-weight, the linear map ade^^ induces an isomorphism between the gj)^'- 
modules P and go,i. Note that [/^,e'"i] = e^, after rescaling possibly. 
Since g is transitive. Theorem 3.17 yields A(h\) 7^ 0. Rescaling if 
necessary we may assume that A{h\) = 2. 

Suppose $[^1 = Ai. Then the endomorphism 

C := EpE_p + E_pEp + ^H} 

of g commutes with ad go and hence acts on gi as fi id where 

^Ji = 1a(^^)2 + A(^^) = ^(3{hp)^ + (3{hp) = 4. 

But then Ae^^ = C{e^^) = 0, a contradiction. This shows that the rank of 
the root system $1^1 is > 2. 
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For a G set ei = e_a, 62 = /a, /i = Cq, /2 = e-\. Clearly, 

l^ii fj] =0 foT i ^ j and [/li, e^] = 2ei, where i,j G {1, 2}. Let ta denote the 
subalgebra of q generated by Ci, fi, i = 1,2. Set hi = —ha and /i2 = h\. 
Since hi G flo,i we have A(/ii) = —(5{ha)- The matrix of the Lie algebra 
la has the form 

Since a{hp) = if and only if (3{ha) = —A{hi) = 0, we now apply Theorem 
3.8 to deduce that 

(4.16) aihp) = <^ a{hA) = 0. 

Now let as be any simple root in $'^1 with /? — G (^l^')"^ (such a root 
exists because $1^1 is not of type Ai). Then we have 

[e_„ [6-^,6^1]] = = K,[/^,[/^,e_„J]] 
for all 7 G Since Ti — P = —A we also have 

[[/^[/^e-aJ],[e-^e^^]] = [[/^[e-^e^^]],[/^e_«J] 

+ [/^[[/^[e-^e^^]],e_„J] 

= ri{hA)[e^\ [/^,e_„J] + [[e-^,e;3], [/^,e_„J] 

+ ri(M[/^, [e^S e_«J] + [/^, [[e-^, e^], e_„J] 

= -ri(/iA)[e;3,e_«J - [e/3,[e-^,[/^,e_«J]] + [/^, [e"^, [e^s, e_«J]] 

= -ri(/iA)[e/3,e_aJ + [ep, [/iA,e_aJ] + [/lA, [e/3,e_aj] 

= -{Ti + as- P + as){hA)[e/3,e-as] = (A - 2Q!s)(/iA)[e/3, e_aj. 

Next observe that 2 A — ag and — A + Fi = — 2A + /3 do not vanish on it*! 
for i > 2 because ag, P G $1^1 (see Remark 4.5). Also, (-2A + P){hp) = 
-P{hp) ^ and 

(2A - as){hp) = 2P{hp) - as{hp) = 4 - 2^^ ^ 

as {as, 13) = {I3,as) > 0. Applying Theorem 4.4 to the graded Lie algebra 
0iez Q2i, we are now able to deduce that (A — 2as){hA) = since nei- 
ther 2 A — as nor — 2A + /3 is the highest or lowest weight of a standard 
representation for either A^ or C^. It follows that 

(4.17) as{hA) = 1 whenever G A and /3 ~ a^, G 

Let A/j denote the set of all simple roots a G ($[^])+ with (/?, a) = 0. If $1^1 
is not of type A^, r > 2, then there is a unique G A such /3 — G $ 
and 13 = 2as + X^agA^ '^a'^ some Tq. G Z. If $1^1 is of type A^, r > 2, 
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then /3 — G $ for s G {1, r} and /3 = qi + + SoeA^ ^- -'■'^ conjunction 
with (4.16) and (4.17) this yields /3(/iA) = 2. As a result, if denotes the 
matrix in (4.15) with /3 in place of a, we have 




see (4.15). But then h\ + /i2 lies in the center of the subalgebra generated 
by ei = e_/3, 62 = /a, /i = e^j, /2 = e_A, and the graded algebra t^/F (/ii + 
/i2) satisfies the conditions of Proposition 3.6. Since g is finite-dimensional, 
this is impossible in view of Theorem 3.7. Thus. 7^ —A. 

If rfc(tW) 7^ for all i G {1, ...,£}, then Theorem 4.4 would imply that 
$ = $W and either ^ = A^, A G {tJ7i,rom}, or $ = C^, A = vd\. Since 
ade^ |g_,G Hom(s_i,0o)'™+^"™)" = (0*-i ^ So)'™+^"™)" , this would say 
that 0^1 (8>flo has a b~-primitive vector of weight zero, which implies that go 
has a minuscule weight (see (2.9)). As we have noted in the proof of Lemma 
4.7(i), this is impossible. Consequently, we must have l> \ and rfc(tW) = 
for some i G {2, . . . We may assume that i = 1. Since by transitivity, 
A(tW) 7^ for all / G {1, . . . ,^} (see Remark 4.5), we have [/'^,e^] = ^e^ 
and [/^jb'"*] = (^ey for some [i G $'^1, v G <I>^^^, and scalars which 
are nonzero (again by transitivity). \i [i G $~ or v G <&^, then ^ = 1 by 
Theorem 4.4. Therefore, it must be that /U, z/ G By adjusting and 
e'"*: by scalars if necessary, we may assume that ^ = 1 = Set 

ei = [/^,e_^] e2 = [/^,e_,] 

h = e^ h = e^'^ 

hi = hfj_ h2 = K- 

It is easy to check that [a, fj] = 5ijhi for i,j G {1, 2}. As T{t^^^) = Tk{t^'^^) = 
0, we have that A ||[i]= /i and A |t[2]= 1^ l^pj. This implies that [hi,ei] = 
[hiJi] = (for i = 1,2), [hi, 62] = 262, [h2,ei] = 2ei, [hij2] = -2/2 and 
[h2, fi] = — 2/1. But then the Lie algebra generated by the e^, fi, hi, i = 1,2 
is infinite-dimensional by Theorem 3.7. We have reached a contradiction, so 
it must be that r(tW) ^ for ah i. □ 

4.6. Determination of the local Lie algebra 

Here we determine the Lie algebra generated by the local part 0-i 

00 ©01 and show that it must be one of the restricted Lie algebras of Cartan 
type. If 0_i has a b"'"-primitive vector of weight A and 0i has a b~-primitive 
vector of weight F, then a classical Lie algebra is generated if F = —A. We 
analyze which classical Lie algebras can be obtained by adding —A to the 
root system of 0o. Of course, since we are in the noncontragredient case, 
there must be more to than just that larger classical Lie algebra, and we 
must determine that part as well. 
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Given a rational module M over a reductive group G we denote by 
X+ (M) the set of dominant weights of M relative to a maximal torus of G. 

Theorem 4.18. Let q he a graded Lie algebra satisfying conditions (1)- 
(5). Suppose Q is generated by its local part 0_i © 0o © 0i; o.'^d assume 
there exist a -primitive vector € 0-i of weight A and a -primitive 
vector e^ G gi of weight F such that [/^,e^] = e_a where a € Then 
the graded Lie algebra Q is isomorphic to a restricted Lie algebra of Cartan 
type with its natural grading. More precisely, q is either W{m;l), m > 2, 
or 5'(m;l)(i), m > 3, or ©FSi, m > 3, or H{2m,l)(^\ m > 1, 

or (2m; 1) ©FS)i, m > 3, or E:(2m + m > 1. 

Proof. Combining Proposition 4.14 with Theorem 4.4 we see that the root 
system $ of 0q^^ is of type A„, or C^; ct is the highest root of <1>; and 
Q-i is a standard 0Q^^-module. Hence the weight A of g_i is a minuscule 
weight. Replacing the base A = {ai, . . . ,am} of $ by {a'l = am,Q!2 = 
am-i, ■ ■ ■ , a'm = Q!i} if necessary, we may assume that A = zum if is of 
type Am- Thus, we may assume that either 0_i = V and 5p{V) ^ go ^ 
c5p{V) or g_i = V* and sl{V) C go ^ sK^); where V is the standard 
gQ^-'-module. There is a connected, reductive subgroup Go in GL{V) with 
Lie(Go) = So such that the adjoint action of go on g_i © go is induced by the 
differential of the natural action of Go- Moreover, Go contains a maximal 
torus T and maximal unipotent subgroups such that Lic(T) = t fl gg^^ 
and Lie(A^^) = n^. Let Go denote the derived subgroup of Go and put 
T = T n Go. Then T is a maximal torus of Go with Lie(r) = t fl gp^^ and 
Lie(Go) = gi'^ 

(a) The transitivity of g allows us to identify gi with a go-submodule of 
Hom(g_i,go). The above discussion shows that the adjoint action of go on 
Qi is obtained by restricting to gi the differential of the natural rational 
action of Go on Hom(g_i,go) = (g) go- 

Suppose go^"* is of type A^, m>2. Then Hom(g_i,go) ^ V ®Qi{V) is 
isomorphic to a Go-submodule of the rational Go-module V ®V ®V* . Since 
the set of T- weights of V equals {ei, . . . , £m+i} and p > 2, we have 

(4.19) X+(Hom(g_i,go)) C X+{V ®V ®V*) 

= {2wi-\-Wm,T^2+T^rmT^l} 

c Xi(r), 

where ti72 + vj.m is omitted if m = 2. Hence any go-submodule of gi is 
Go-stable by Proposition 2.15. 

Suppose is of type C^, m > 1. Then V ^V* and = 5p{V) ^ 
S'^{V) as Go-modules. Hence Hom(g_i, go) ^ V^ispiy)®^) is isomorphic 
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toaGo-submoduleof ye(52(y)(g)F). Since = {±ei, . . . , ±e^} and 

p > S, we have 

(4.20) X+(Hom(g_i,0o)) C X+{V) U X+{S\V) 0V) 

C Xi(T), 

where wi + ZU2 is omitted if m = 1 and ws is omitted if m = 1,2. Again 
Proposition 2.15 applies to show that any go-submodule of gi is an Go-stable. 

(b) Let q'i be the go-submodulc of gi generated by e^. Let It(n^) denote the 
universal enveloping algebra of the Lie algebra n~. As g_i is irreducible, 
g_i = ll(n-)/^. Therefore, [e^,Q-i] C il(n-)[er, /A] = ii(n-)e_a = Fe_a. 
Moreover, [n~,g_i] C kerade as [n , C—Q;] — 0. Since g— i is standard, we 
have g_i = F/^© [n~,g_i] and [e_a,g-i] = Fe^ where is a b~-primitive 
vector of g_i. But then 

[e^[g_i,g_i]] = [e^, [(F/^ + [n-,g_i]), (F/^ + [n-,g_i])]] 
= [e^, [fl-i, [n~,g-i]] = [[e^,g-i], [n~,g_i]] 
= [e_a,[n-,g_i]] = [n-,e"] =0. 

This implies that [gi,g_2] = 0. 

(c) Let e" be a b~-primitivc vector from gi of weight S. If S 7^ —A, then 
[/^,e"] G F^e_5 for some (5 € $ by transitivity (1.2). Since no minuscule 
weight is a root, H(t n gg^^) / 0. If 5 € ^~ , then S is the lowest root of $ 

and H is the lowest weight of a standard gQ^'*-module by Theorem 4.4. As 
this situation is easily seen to be impossible, S G Applying Theorem 
4.4 (i), we conclude that S = a and H = — (A + a). Thus, any b^-primitive 
vector of gi has weight — (A + a) or —A. 

Now if e is any b~-primitive vector from g^"^, then the tuple (/^,go; e) 
satisfies all the conditions of Theorem 3.17 (with —A being the set of simple 
roots). Hence [/^, [e, f^]] ^ 0. But [/^,gr^] C t and [t, f^] C F/^, yielding 
/^]] G ¥f^. From this it is immediate that the subspace of b~- 
primitive vectors from has dimension < 1. 

(d) Let e^^ be a b~-primitive vector in Qi^, and let gi be the go-submodule 
of gi generated by e~^. By our discussion in part (a), the subspace gi is 
Go-stable. Let g denote the graded subalgebra of g generated by f^,Qo, and 
e~^. We claim that the graded Lie algebra g/M(g) (where M(g) denotes 
the Weisfeiler radical) satisfies the hypotheses of Theorem 3.22. To prove 
the claim we need to show that the go-module gi is irreducible. 

Since the torus T acts trivially on t, it preserves the subspace of b~- 
primitive vectors from Qi^- By part (c), the latter is spanned by e^-^, so it 
must be that G g^^^ for some —A G X(qi). The equality gi = il(n"'") 
implies that —A is a minimal weight of the Go-module gi. But then —wqX is 
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a maximal weight of gi. Also, dim (51) ^'^'^ = dim(0i) = 1, by part (c). 

Since t fl = Lie(r), the restriction of —wqA to t fl 0q^' coincides with 

the differential of the rational character —wqX at the identity element of T. 
Prom this it follows that the image of —wqX in X{T)/pX{T) coincides with 
—wqK I (1). Note that —WQK{h^) G {0, ±1} for all 7 G Combining this 

with (4.19) and (4.20) one derives that —wqX = w\. Since it also follows 
from (4.19) and 4.20) that u >wi for all v € X_|_(gi), one obtains now that 
wi is the only dominant weight of the Go-module gi. As a consequence, 
all weights of the Go-module gi are conjugate under the Weyl group of 
Gq. Therefore, the Go-modules V and gi are isomorphic. But then gi is 
go-irreducible, hence the claim. 

(e) The graded Lie algebra g/M(g) (where M(g) denotes the Weisfeiler rad- 
ical) satisfies the hypotheses of Theorem 3.22. Therefore by that theorem, 
this algebra is classical. Using [Boul], it is easy to check that g/M(g) 
corresponds to one of the following Dynkin diagrams: 

(4.21) o o • • • o o • (m > 1) 

ai a2 "m-l OLm —A 

(4.22) o o • • . o o > • (m > 2) 

ai a2 CKm-l a.m -A 



(4.23) 
(4.24) 



ai -A 



oti -A 



(4.25) « o o ■•• o az3i=D (m > 2). 

-A Oil OL-l OLm-\ am 



(Bear in mind that $ is of type A^, m > 2, or Cm, rn > 1, and A = zum 
if ^ = A„i and A = wi if $ = Cm-) We may suppose that the vector 
has been scaled if need be, so that (/^, /ia = [/^,e~^], e~^) is a standard 
sl2-triple. 

If g/M(g) has type (4.22), set 

^A = [[[e-a^,/^],/^],/^] and = [[[e«^, e"^], e"^], e^], 
and use capital letters to denote the corresponding adjoint mappings. Then 
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.3 



^3=0 



{[[ea^,e-%e^]) 



= -2^3A(/ia^)r(/iA) - SamihA)r{ha^) - am{hA)a{harS)^-Oi 
= -2(-12 + 12 - 2)e_a = 4e_a. 
As [xx,ea] = = [x^,e 

—a]) the elements x\, ^Xy,e—a satisfy the conditions 
of Lemma 4.3. But then A(/iq) € {0, 1}, which contradicts the fact that 
(3A — am){ha) = 2. So case (4.22) cannot occur. 
Now when g/M(0) is of type (4.23), set 

XX = [[[[e-a^,nf%nf% 

Then, since here ai(/iA) = 3, A{hai) = [/^j = ^-ai, we have 



0=0 

2 



Ai „-Ai „ri 



ai ) J ) ' 



= 3(A - «i)(/iA) ^(-1)^- iF^yE.^^{Fy-^ 

= -3(A-2ai)(/iA)(^E(-l)'Q(^^)'^-i(^^)'"') [[ea,,e-%e^] 

= 12(6A(/i«i)r(/iA) - 4ai(/iA)r(V) 

-ai(/lA)Q;i(/lai) - A(/lQjQ;i(/lA)je_ai 

= 12(-30 + 36 -6 -3)e_ai = -36e_ai. 

Since [xA,eQj = = [x^,e_ai] and A(/taj) = (4A — ai){ha-i) = 2, this case 
cannot occur by Lemma 4.3. 

(f) Now suppose that <I> = A^ for m > 2. Then g/M(5) must be of type 
(4.21). As 0_2 = M(0)_2, it follows that [0-2, Si] = 0. 

According to part (a), 0i is a Go-stable subspacc oi V (gi V V* . Obvi- 
ously, V(g)V(S)V* ^ M®N where M ^ S'^{V) (g) y* and iV ^ y V* as 
Go-modules. Since a = ei — £m+i, P > 3, and the set of weights of A'' with 
respect to T equals {ej + Sj — Sk \ l<i,j,k<m + l, j}, it is straight- 
forward to see that the t- weight space A?^~(^+"^) = AT'" is trivial (see the first 
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paragraph of the proof). Therefore q'i, the go-submodule of gi generated by 
e'", is contained in M. We claim that gi is isomorphic to a go-submodule of 
M. 

If the natural projection map tt : gi M is injective, there is nothing 
to prove. So we assume that NHqi = kerir 7^ 0. If M is an indecomposable 
gQ^^ -module, then g'^ contains a gg^^-submodule isomorphic to V (see The- 
orem 2.69), hence it has a b~-primitive vector of weight —A. Since A'^ fl gi 
has no nonzero weight vectors of weight — (A + a), it contains a nonzero 
b~-primitive vector of weight —A; see part (c). But then the subspace of 
b~-primitive vectors from g^^ has dimension > 2, which is impossible by 
our final remark in part (c). Thus, g'^ is an irreducible gg^^-module, and 

M = q[ (B M, where M is a gQ^''-submodule of M isomorphic to V (see 
Theorem 2.69). 

By part (a), the go-module ker-zr is Go-stable. Assume is a minimal 
weight of kervr, and let (kervr)'^ be the corresponding weight space. As 
(ker tt)'^ lies in the subspace of fixed points of , we have [n^, (ker tt)^] = 0. 
Thus, (kerTr)^ consists of b~-primitive vectors. Since kervr C A*" contains 
no weight vector associated with —{A + a), the image of n in X{T)/pX{T) 

coincides with the restriction of —A to tngQ^\ and dim (ker tt)'* = 1. As WQji 
is dominant and p > 3, it is immediate from (4.19) that /i = —Wm- Arguing 
as in part (d) we now deduce that all weights of the Go-module ker tt are 
conjugate under the Weyl group of Gq. It follows that the Go-modules V 
and ker vr arc isomorphic. 

By the same reasoning one can show that V = 7r^^(M) as Go-modules. 
As kervr C 7r^^(M), it must be that kervr = 7r~^(M). Hence, 7r(gi) = g'^. 
As q'i C gi, this yields gi = g'^ © kervr = g'^ ® M, proving the claim. 

If q'i = gi or if the gg^^-submodule S^{V) V* is completely reducible, 
then gi is generated by its b~-primitivc vectors. In other words, gi = 
01 ® 01- (If 01 li^'S no b~-primitive vectors of weight —A, we assume that 
gi = 0.) Since we have proven that [g_2,g'i -l- gi] = 0, we must have 
g_2 = by 1-transitivity (1.3) in these cases. But then Theorem 2.66 applies 
showing that in the above cases g is either W{m + 1; 1) or S(jn + 1;!)^^-* or 
5(m-M;l)W ©FS)i. 

(g) Now suppose that S'^{V) (8) V* is not completely reducible and gi 7^ g'^. 
As gi is isomorphic to a maximal submodule of S'^{V) (g) V*, then m + 2 = 
mod p and gi = S'^{V) (S) V* (see Theorem 2.69). In particular, gi 7^ 0. 
As m -f 1 ^ mod p, we have gi{V) = 5l(V) © Fidy. We regard idy as 
the degree derivation and embed g into the graded Lie algebra Fidy -|- g. 
Thus, we may assume in this part that go = gt(^)- Our nearest goal is to 
determine the bilinear mapping V* x (^S^{V) ^V*) — > 0^^) given by the 
Lie bracket in g. 

First let us show that dimHomgo(g_i (8) gi,go) =3. Clearly, 
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^ ((52(F) (g) F)* F (g) F ® f)^° 

^ Homgo (52(F) ^V,V0V0V) 

^ Homgo(52(F) (g F, {S^{V) © a2(F)) (g F) 

^ Hom5[(y) (F(2roi) F(roi), F(2roi) F(roi) © F(ro2) V{wi)) , 

where ( ■ )s° indicates the flo-invariants. Since m + 1 ^ mod p, the trace 
form ^ of the hnear Lie algebra gf(F) is nondcgcncrate on 5[(F). By [Bou2, 
Chap. VIII, Sec. 6], the Casimir element of it(sl(F)) associated with ^ acts 
on an s[(F)-module with highest weight A as the scalar (A, A + 2p) where p is 
the half-sum of the positive roots, and ( , ) is the corresponding IF-invariant 
form on t*. We may assume that 



( m+l 



(tnfli'))* = O^A,^, 
I i=i 



Ai + • • • + A,„+i — 



where the Aj G F, and where {si,ej) = 5ij for 1 < i, j < m + 1. Then the 
fundamental weights are given by 

i , 

Wi=ei-\ \-ei ttI^I"! h£m+i), 1 < i < m. 

m + l 

As m+2 = mod p, p = tuiH \-Wm = {m+l)ei+me2-\ \-2em+£m+i, 

andso {wi,p) = {m +!) + ■■■ + {m-i + 2)- + 2 + h m + 1) = 

i (^{rn + l)(m + 2) - (m - z + l)(m - i + 2) - i{m + 2)^ . Therefore, for 
1 < i < j < m, we have 



{wi,2p) = + and 

{wi, Wj) = i ^ = i{j + 1). 

Using those values for i = 1, 2, 3, it is easy to see the following: 



A 


3wi 






(A,A + 2p) 


12 


6 






Since the dominant weights of the 5L(F)-modules V{2wi)®V{wi), V{'UJ2)® 
V{wi), F(3ti7i), V{nji +1172), and V^ru^) belong to the set {3tui,tui +uj2, 
ws}, a standard argument shows that the Weyl modules F(3tui), V{wi 
+^72), and V{ws) are irreducible, and the tensor products V{2wi) (g V{wi) 
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and V{w2) V{zui) arc completely reducible with 



V{2zui) (E) V{wi) ^ V{3zui) © V{wi + W2) 
V{w2) (8) V{wi) ^ V{wi + W2) © V{w;i). 



Thus, it follows from the above Casimir-element calculations that 

Homg„(0-i ^01, So) 

^ Homg[(y) {V{2,wi) © V{wi + ^2), F(3ti7i) © 2V{wi + 1^2) © V{w^)) 
= F©F©F. 

Let f 1, . . . , Um+i be a basis for F and let . . . , i^j^^^ be the dual basis 
in V* . We use {viVj \ 1 < i, j < m + 1} as a basis for S'^iy) and for brevity 
write ViVi as vf. We identify Eij G 0t(l^) with Vi ® v*j & V ®V* , so that 



-E^jj^fe = v*{vk)vi = 6j^kVi and E'ijt;^ = -vl{vi)v* = -Si^kV*- We define 
three maps C,V,d & Horn {V* ® ^^(F) ® F*, by 



Direct verification shows that these arc gl(y)-modulc homomorphisms. It 
is evident that 77 and 9 are linearly independent, and since r]{vl i^vivi i^fl) 
= = 9{vl ig) viVi (g) ^2) and ({v^ (g) ■uiui © Wg) = 2Ei^2 / 0, we have ( ^¥r] 
+¥9. Therefore, 



Let [, ] be the Lie bracket in g. We identify 0-i,0O)0i with V*, qI{V), and 
S'^{V) i^iV* respectively. Then [, ] |g_ixgi= aC, + hri + c9 for some a,b,c€ F. 
Since g is transitive, a / 0, as otherwise [f *, ff = for all 1 < z < m+1. 
Furthermore, 



M,vl],VjVk (E) V}] = [V*, K,VjVk © V*^] - [<, [v*,VjVk © v}] 



+ [v*,c{5j^nSk,e + Sk,nSj,e)id] - [v^,a{6ijEk,e + 5i^kEj^e)] 
-[K^ K^j,iEk,i + Sk/Ej,i) + c {SijSk,e + Si,kSj,e) id ] 
= a{Sj,nSi,k + h,n5i,j)vl + b{dj^eSi^k + Sk,eSij)v^ 

+c{Sj^nh,e + Sk,nSj,e)v* - a{SijSk,n + Si,kSj,n)Vi 

-b{Sj^iSk,n + Sk,eSj^n)v* - c{5ij5k/ + di^kSj,e)v* 

= - c) ( {Sj/Si^k + Sk/Sij)v* - {5j^t5k,n + Sk,eSj,n)Vi ) 




Hom0[(y) {V* © S\V) © V*,9liV)) = FC © F?? © F9. 
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for 1 < i,j,k,£,n < m + 1. Suppose g_2 ^ 0. The 1-transitivity (1.3) of g 
implies [g_2,0i] 7^ 0, which forces 6 — c 7^ 0. Thus, a{b — c) 7^ 0. But then 

[[<> V*m+lh bm ® ^m+1 ® ^1"]] = <+l]' <] > ^m+1 ® 

= 2(6-c)[<+i,v^+i®^;i*] 
= 4a(6 - c)£;^+i,i 7^ 0. 

Set 

n+= ¥Eij, t= F£;i,i, and 

l<i<j<m+l l<i<m+l 

n- = ¥E,j, 

l<j<i<m+l 

and let b+ = t®n"''. Clearly u = [v^, wj^+i] is a b^-primitive vector of weight 
-(£m + £m+i) in 0-2, and 0_2 = il(n-)[w;;j, because g_2 = [g-i,g_i]. 

Set w = [f ^ (8) "u^]- As [n",£^m+i,i] = 0, we have [Eiju,w] 

+ [u, Eijw] = for all i > j. If A; < m, then 

+ bm <^ [bL <+l]' ^^m+1 ® ^^l]] 

= 0. 

Similarly, 

[bL ""ml^ bm <^ I'm^ ""m+l ® ^l]] = [[b^ ^4 ® ^^m+1 ® «l] 

= 2(c - b)[vl, U^+i (8) i;^] = 0. 

Since obviously, [[v*, v*], bm+i ^m+i = for alH, j < m - 1, we 

conclude that [[n~, 0-2], w] = 0. Inasmuch as [q-2, w] = ¥E„i+i,i by the 
above computations, we have [g-2, [o~,u)]] = [[0_2,n~], w] = 0. 

Set 02 •= {a^ S 02 I [0-2; x] = 0}. We have shown that w ^ 02, and that 
[n~,i(;] C 02- Let 0'^^^ be the graded subalgebra of generated by 0_2, 0o, 
and 02- Let Af'f^^ denote the maximal graded ideal of 0'f^J' contained in the 
positive part 0,j>o5i^"'^- Set 0't^^ := g^'^^M^'^h Clearly, 0't^^ is graded and 
transitive. It is easy to check that M^"^^ n 02 = 02- Hence, g\^^ = 02/02, 
0^{2} ^ and li'/ ^ 0_2. 

Let w denote the image of w under the canonical epimorphism 02 -» 
02/02- Since we know that u; is a b~-primitive vector off} and 

[u, W] GF^e_a 

(here e-a = Em+1,1 € 3(ti~)) we identify u with its image in g^^\ Since u 
has weight —{em + £m+i) = £1 + ■ • • + Sm-i = '^m-i with respect to the 
torus t n 00^'', the Lie algebra 0''-^-'' is infinite-dimensional by Theorem 4.4. 
Therefore, 0_2 = 0, yielding [0_i, 0_i] = 0. (Note that in the case under 
consideration m > 3.) Thus, = 0_i © 0o © 0i © ■ ■ ■ © 0r-, where 0o = g^{V), 
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and Q-i = V* as a 0o-™odule. Since g is transitive, we apply Theorem 2.66 
to conclude that g is isomorphic toW{m + l;l). 

(h) It now remains for us to consider cases (4.21) for m = 1, (4.24) and 

(4.25) . In other words, we may assume that q'q^ = sp{V) and that g_i = V 

as a gfi^^-module. Recall from part (a) that V = V*, and sp{V) = S^{V) as 

sp(y)-mGdulcs, and gi is a gQ^^-submodule of V ® (V ^ S'^(T^)). We claim 

that gi is a completely reducible gQ^'*-module. 

First we recall that for any natural number n there is an exact sequence, 
the Koszul resolution (see [Ja, p. 377]), 

(4.26) ^5"-^(F)®aV ^ S''-'+'^{V)® A'-^V ^ 

> S''-\V)^V ^ S'^iV) ^0. 

The map (pi is given by 

i-l 

(Pi{x (8) (wi A • • • A Vi)) := ^(— l)*xuj <Si {vi A ■ ■ ■ A Vj A ■ ■ ■ A Vi) 

i=i 

for all Vj G V and x G S"'~^{V). If F is a module for a group H, then (4.26) 
is an exact sequence of i7-modules. If p does not divide n, then the exact 
sequence (4.26) splits. More precisely, define 

i;j : S^{V) ® A"-^y ^ S^-\V) ® A"-^'+V 

by 



i/jjiwi ■ ■ ■ 




■ ■ ■ Wj ® Wi Aw 



i=l 

for all Wi G V and w G A"~-^V. Then all the tpj are iJ-module homomor- 
phisms, and 

for all i, < i < n. (We set (pn+i = V'n+i = 0.) If we set n = 3 and 
H = Go = Sp(V), we get that there is a split exact sequence of Go-modules 

O^E ^ S'^iV) 0V ^ S^{V) 0. 
in which is a homomorphic image of V ® a'^V (as seen from (4.26) with 
n = 3). This implies that S^{V) <S)V^S'^{V)® E. 

According to part (a), gi is a Go-stable subspace of F © i^S'^iy) V). 
Thus, we may assume that gi is a Go-submodule ofV®E® S'^iV). Let 
tt': gi V®EanAiT": gi — > S^{V) denote the corresponding projection 
maps, and put U' = ker tt' and U" = kerTr". If U" = 0, then gi is isomorphic 
to a nonzero submodule of the Go-module S^iV). Since p > 3, Proposition 
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2.77 implies that S^{V) = L(3tui) is irreducible over . As a consequence, 
01 is irreducible if U" = 0. 

Thus, in proving the claim we may assume that U" ^ 0. Note that 

(4.27) aV) = {tui +ro2,ro3,tj7i}, 

where wi + W2 is omitted if m = 1 and ws is omitted if m = 1, 2. Since 
p > 3 and a = 2ei, it is straightforward to see that the weight subspace 
(y A^V) ^ " with respect to t = Lie(r) is trivial. Together with our 
remarks in part (c), this yields that —A = —wi G X(T) is the only minimal 
weight of U" and dim {U")~^ = 1. But then —wqX = wi is the only maximal 
weight of U". On the other hand, (4.20) says that u > xui for any dominant 
weight v of the Go-module gi. It follows that wi is the only dominant weight 
of U". Hence, U" ^L{nJi)^V as Go-modules. 

Now since e^' G gi and (U")^ = ([/")-^-« = 0, we have vr" ^ 0. Hence, 
7r"(gi) = S^iV), thanks to Proposition 2.77. Therefore g^^^^ ^ 0. On the 
other hand, (4.27) shows that gf^^ C U'. Since U' C S^{V), Proposition 
2.77 implies that U' = 7r"(gi). But then gi = V®S^{V) in the present case, 
to prove the claim. 

(i) It follows from our discussion in part (h) that gi = g'^ © gi, where we 
assume that gi = if gi has no b~-primitive vectors of weight —A. If gi 
= q'i, then we have [g_2; gi] by part (b), so that g_2 = by the 1-transitivity 
of g. Therefore, Theorem 2.66 applies, and we can conclude that g is either 
//(2m;l)(2) or if(2m; 1)(2) © FDi. 

Thus, in what follows, we may assume that gi = g'l © gi, where 'qi = V 
is generated by a nonzero b~-primitive vector G gi. We have already es- 
tablished that [g-2, g'l] = 0. As before, denote by g the subalgcbra generated 
by f^, go, and e~^. We know from part (e) that the Lie algebra g/M(g) is 
either of type (4.24) or (4.25) or of type (4.21) for m = 1. This implies that 
dimg_2/M(g)_2 < 1 and g_3 = M(q)-3- Since [M(0)_2, 0i] = = [g_2, g'l] 
and gi = q[ © gi, we must have M(g)_2 = by the 1-transitivity of g. Hence, 
dimg_2 < 1. If g_3 = [0_2, g-i] ^ 0, then the sp(F)-modules g_3 and g_i 
are isomorphic. Moreover, because [g-3, gi] C M(g)_2 = 0, it follows that 
[g_3, g'^] = g_2 by the 1-transitivity of g. But then q[ = q*_^ as gQ^^-modules, 
for both g_3 and g'^ are irreducible. This, however, contradicts the fact that 
dimF < dim 52(1/). Thus M(g) = 0; that is, dimg_2 < 1, and g_3 = 0. One 
can now apply Theorem 2.66 to conclude that either g = K(2m+ 1; 1)^"^^ or 
= ^(2;l). 

The proof of Theorem 4.18 is now finished. □ 

4.7. The irreducibility of fli 

Here we investigate the case where [f^,e^] = for some positive root 
a G This case occurs for Lie algebras of type S, CS, H, or CH when 
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the natural grading is reversed, and our ultimate goal is to exclude all other 
possibilities. As a first step, we will show that gi is an irreducible go- 
module. Essential to the proof is the similarity between the structure of 
an irreducible restricted gQ^''-module and that of a rational module over the 
simply connected algebraic group corresponding to ^q^' . 

Under the assumptions of the next three lemmas, 0g^^ is of type or 
Cm, and so 0q^^ = stm+i, psl^+i, or Sp2m- Given tp G t*, we denote by V' the 
restriction of tp to the subspace t fl . We adopt the notation of Section 
2.3. 

Lemma 4.28. Let g be a graded Lie algebra satisfying conditions (l)-(4) 
and (6). Suppose there exist a -primitive vector G 0„i of weight K and 
a h~ -primitive vector e^ G gi of weight T such that [/^,e^] = for some 
root a G . Then q^q^ consists of only one summand, which is of type A^ 
or Cm, o-nd gi is an irreducible standard q^q^ -module. 

Proof. Replacing g by its subalgebra g generated by g_i © go © gi and 
passing to the graded quotient g/M(g), we can assume that g is generated 
by its local part g_i © go © gi- By Proposition 4.14, r(tW) ^ for any 
i = !,...,£. Then Theorem 4.4 applies to show q^^^ has a unique summand 
which is of type A^ or Cm', ol is the highest root; and F is the lowest weight 
of an irreducible standard gg^^'-submodule of gi. Thus, we have 

a = v3\-\- V3m', — r£{^i)^m}; and 

A = Iwx + Wm or W\ + IWrn (A^) 
OL = 2v3\\ —V = w\\ and A = 3^1 iCrn)- 

Let V be an irreducible go-submodulc of gi. Since gi embeds into 
Hom(g_i,go) by transitivity (1.2), the gp^^-module Y is restricted. Let e = 
e® be any b~-primitive vector from V of weight O G t*. Then V = it(Ti+) e. 
Since g is irreducible and transitive, [f^, e] 7^ 0. Let g denote the subalgebra 
of g generated by /^,go, and e, and let M(g) be the Wcisfeiler radical of g. 

If 7^ —A, then Theorem 4.4 shows that G = P. We suppose that 
G = —A. Then the Lie algebra g/M(g) is classical, and its grading is 

standard according to Theorem 3.22. If is of type A^ or Cm, where 
m > 2, then using [Boul] it is not difficult to verify that A is in the following 
list: 

{2roi, tUi, -072, TOm-l, tJJm, 2rom}, m > 8, 

{2zui, wi, W2, w^, wq, wq, zut, 2-077}, m = 7, 
{xui \ 1 < i < m} U {2wi,2wm}, 2 < m < 6, 
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for type A^, and 

{tui}, m > 4, 

{wi,Wm}, m = 2,3, 



for type Cm- But we have shown that A = 2wi + Wm or A = tui + 2wm if 
gQ^"* is of type A^, and A = Swi if Qq^^ is of type Cm- These Unear functions 
do not appear on the Hst. Hence, 9 ^ —A for m > 2. 

If 00^^ = , then A = 3zui. Suppose 6 = —A. Then the classical Lie 
algebra 0/M(fl) has the following Dynkin diagram of type G2: 

(4.29) CT=> 

oil -A 

Set /' = [/^, [/^,e-aj] and e' = [e^e"^]. Then 

[/', e'] = ((F^)^^-ai - 2F^E^^,F^ + (F^f) ([e^ e'^]) 

= (-2F^^_,, ([e„,,e-^] + [/i_A,er]) 

= 2A(/i«J/i_A- (^ai(/i_A) + 2 + ai(/i_A))/iai 
= 6/l_A. 

Here F^ = ad/^, £^-ai = ade_a^, and we assume that 

[e-^,/^] = /i_A, [/i_A,e-^]=2e-^, and [/i_A, /^] = -2A 
Moreover, (2A - ai){hai) = 4 and [n+, /'] = = [n",e']. Setting 

e2 = |[er,e-^], = _ 1 [/A J/A^ e_,J], 

we have from the calculations in the previous paragraph, 

[ei, fj] = ^ijhi, [hi, hj] = 0, 

[hi, Cj] = AijSj, [hi, fj] = -Aijfj (1 <i,j < 2), 

where A = {Aij) is the matrix 
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Now put e'l := [ei, [ei, 62]], f[ := [/i, [/i, /2]], := [ei, [ei, [ei, 62]]], and 
t;i := [/i,[/i,[/i, /2]]]. Then 

[e'lJi] = [[ei,[ei,e2]], [/iJ/1,/2]]] 

= (eIE2 - 2E1E2E1 + E2EI) ([/i, [/i, h]]) 

= {-2EiE2 + E2Ei){&[h, h]) 

= 6{-2Ei{-lh)+E2{4f2)) 

= 8(/ii + 3/i2). 

Also, [[61,62], [/i,/2]] = [ei, [fi,h2]] - [62, [hi,f2]] = -f^i -4/i2, and 

[ui,vi] = [[ei,[ei,[6l62]]], [/l,[/l,[/l/2]]]] 

= (^EfE2 - SEfE2Ei + 3EiE2Ef - E2Efj ([/i, [/i, [/i, /2]]]) 

= {-3EfE2 + 3£;iS2£^i - £^2^^?) (6[/i , [/i /2]]) 
= {3E1E2 - E2E1) (36[/i /2]) 
= 36(3Ei(-|/i)-S2(4/2)) 
= -72(^1 + 2/i2). 

Note that [-|/ii -4/i2, ei] = |ei, [-|/ii -4/i2, 62] = -^62, [/ii + 2/i2, ei] = 
§61, and [/ii+2/i2, 62] = 0. Now put e'( := [[ei, 62], «i] and /{' := [[/i, /2], ^^i]- 
Since [[61,62], vi] = [[/i,/2], ui] = 0, we have that 

[e'lJi] = [[[61,62], m], [[/i,/2],^;i]] 

= [[61,62], [[/l,/2], [^il,t'l]]] - [^^1, [[[61,62], [/l,/2]], Vi]] 

= [[ei, 62], [[/i, /2], -72(/ii + 2/12)]] - [ui, [-|/ii - 4/i2, vi]] 

= 72[[ei,e2], -|[/i, /2]] - [^^i, |i;i] 

= -48(-|/ii -4/12) - |(-72(/ii + 2/12)) 

= 128(/n +3/12). 

Next observe that 

[e'l,/('] = [[6l,[6l,62]], [[/l,/2],^;i]] 
= [[[ei,[6i, 62]], [flj2]],Vl] 

+ [[/l,/2], [[6l,[ei, 62]], [/l,[/l,[/l, /2]]]]] 
= [[[[61, [61, 62]], /l],/2], Vl] + [[/l,/2], [[6'i,/l],/{] + [/l,[6'i,/(]] 



SO that 
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[e'lJn = -6[[[ei,e2],/2],H 

+ [[/i,/2], [[ei,[ei,e2]],/i],/{] + 8[/i, /ii + 8/12] 

= -6[[e,,h2],vi]-6[[hj2], [[ei, 62], /(]] 

= -4[ei, [/i,[/i,[/i, /2]]]] +6[[/i,/2], [e2,[ei,[/i,[/i, /s]]]]] 

= -24[/i,[/i,/2]] + 36[[/i,/2], [e2,[/i,/2]]] 

= -24[/i,[/i,/2]] + 36[[/i,/2], [h,h2]] 

= -24[/i,[/i,/2]]-24[[/i,/2],/i] = 0. 

Similarly, [e'/, /(] = 0. As [hi + 3/i2, e[] = 4e[ / and [hi + 3/i2, e'/] = 8e'/ / 
0, Theorem 3.8 now implies that e[, /{, e", and /" generate an infinite- 
dimensional Lie algebra. Since g is finite-dimensional, we conclude that 

G = r. 

We let —A be the base of the root system $ and reverse the grading of 
g/M(g), so that (g/M(s)). = fl_i/M(fl)_i for alH. Note that (fl/M(g))_^ = 
V and (q/MCq))-^ = 0_i as go-modules. Then it is straightforward to see 
that the Lie algebra g/M(g) (viewed with its new grading) satisfies all the 
conditions of Theorem 4.18. Since (g/M(g))^ is an irreducible go-module, 

Theorem 2.69 now shows that if gj,^^ = slm+i, m > I, then m + 2 ^ 
mod p. 

As gQ^^ is almost simple and 3 (go) acts faithfully on gi, we may assume 
that go Q qK^)- When gQ^^ is of type A^, then 5l{V) C go C gl{V), and 
when g[)^-* is of type Cm, then 5p{V) C go C csp{V). Let Go, T , and be 
the algebraic groups introduced at the beginning of the proof of Theorem 
4.18. To simplify the notation, we will identify the weights u G Xi{T) with 
their differentials (di/)e G (tng^^^)* = X{T) (8)z F. Since Go is a simply 
connected group and g_i is an irreducible restricted gQ^''-module, there is a 
unique A G Xi(T) such that g_i = L{X) as gg^^-modules, where the action 
of g'^Q^ on L{X) is induced by the differential of the rational action of Go on 
L(A); see Proposition 2.13. The image of A in X{T)/pX{T) ^ (tng[,^y 
equals A. 

From now on we will identify g_i with L(X). The group Go acts on go by 
conjugation, and hence it acts rationally on the vector space Hom(g_i, go) = 
Q-i ^Qo- By the choice of L{X), the differential of this action coincides with 

the natural action of g'^^ on Hom(g_i,go). 

First we suppose that Q^'^ is of type A„ for m > 2. Renumbering the 
simple roots if necessary, we may assume that F = —vum (see the proof of 
Theorem 4.18 for a similar argument). Then g_i = L{zui + 2w„i)- Since 
wqWi = —Wm+i-i-, 1 < i < m, we have that V = L{wi), and g'L^ = 
L{2wi + Wm) as Go-modules; see Proposition 2.12. From this it follows that 
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is isomorphic to a composition factor of the Go-module S'^{V) V*. 
Because the Go-module go is isomorphic to a Go-submodule ofV ®V*, any 
weight of Hom(0_i,0o) relative T belongs to the set 

R := {£i^ + + - - ^32 I 1 < ii,i2,h, ji, J2 < m + 1}. 

Since — £m+i = ■J^m and —Em — Em+1 = "^m-i 3lS rational characters of T 
and since the Weyl group W of Go permutes the Sj's, we have that 

Rr\X{T)+ = {3wi 

Wi + W2 + "iWjn, '^3 + 2ro^, ZUl + W2 + Wm-l, 
^3 + ^m-l5 ^^2 + '^m, ''^l}, 

where + Wm-i is omitted if m < 3, and tui + ^2 + , ws + are 
omitted if m = 2. Clearly, RnX{T)+ c Xi(r). But then gi is a Go-stable 
subspace of Hom(0_i,0o) by Proposition 2.15. 

Let n he a minimal weight of the Go-module gi, and let g^ denote the 
corresponding weight space. Since g^* is contained in the subspace of fixed 
points of the subgroup A'"", we have [n~,g5'] =0. As T acts as the identity 
on t, the weight space g^* is t-stablc. Let ei = e®^ be any nonzero weight 
vector for t contained in gj*. It follows that ei is a b^-primitive vector, and 

its weight Oi coincides with the image of fi in X{T)/pX{T) (t H gQ j . 
If 01 ^ r, then 01 = —A by Theorem 4.4 (as in part (c) of the proof of 
Theorem 4.18). 

Suppose Bi = —A. Since WQfj, is a maximal weight of gi, it belongs to 
R n X{T)^. On the other hand, the image of wq/j. in X{T)/pX{T) equals 
Wo A. As p > 3, this implies that wqii = 2w\ -|- w„i- Let M denote the 
Go-submodule of gi generated by e\. The orbit Ngo{T) ■ ei contains an 
eigenvector for = TN~^ of weight wq/j.. Therefore, M is a homomorphic 
image of the Weyl module V{2wi + Wm)', see Proposition 2.14 (a). Combin- 
ing Theorem 2.69 with Weyl's dimension formula (2.11), it is now easy to 
observe that 

dim V{2wi +zum) = dim (5^ (V) ^jV*) - dim V* = dim VF(m + 1)| , 

where W{m + 1)\ is as in (2.70). Since m + 2 ^ mod p by our ear- 
lier remarks, Theorem 2.69 says that the slm+i-module W{'m + 1)\ is irre- 
ducible and contains a b'^ -primitive vector of weight 2-uui + Wm- But then 
Proposition 2.13 yields dimL(2ti7i -|- Wm) = dim W{m + It follows that 

Wm) — M. As a result, M is an irreducible go- 
module. Hence, we can replace the triple (/^, go, e) by the triple {f^, go, ei) 
and argue as before to conclude that 0i 7^ —A. As a consequence, Qi ^ g\; 
that is, the image of /i in X{T)/pX{T) coincides with F. 

From the description of R above and the fact that p > 3, we see that 
/i = —Wm- There is a linear function 6 G (gi)* such that [f^,x] = 6{x)ea 
for any x G g^*. Since g is irreducible and transitive, and g^* consists of 
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b~-primitive vectors, we have [f^,x] / whenever 7^ x G g^*. This yields 
ker 5 = 0, i.e., dimg^* = 1- If is a weight of the Go-module q'^i go, then 
w{iy) G AnX(r)+ for some w eW. Using the list of weights in RriX{T)+ 
given above, it is easy to see that w{i') > wi. But then wqw{i') < wo{wi) = 

By the minimality of /j, we have /x = wow{i'). Hence, all weights of the 
Go-module gi are conjugate under W. As dimgj* = dimg^'^ for any w E. W, 
each weight occurs with multiplicity one. Now it is straightforward to see 
that gi = y is an irreducible standard gQ^''-module. 

Suppose then that q'q^ is of type Cm where m > 1, so that Go = Sp(y) 
where dim V = 2m. Then F = —wi, A = 3wi and go C g[,^^ © F, where F is 
a trivial Go-module and go^^ = S^{V) as gp^^-modules (see (2.51)). As g_i is 
irreducible, the gg^"* -modules g_i and S^{V) are isomorphic (see Proposition 
2.77 or Theorem 2.38). Identifying g_i with S'^{V) and taking into account 

the fact that S'^{V) = S'^{V)*, we can embed gi in the gp^^-module 
K := S^{Vy + {S^{V)* S^{V)*) , 

since 

gi C Hom(g_i, go) ^ q*_^ © go ^ q*_^ © (g[,^^ © F) where 
gli ido^ © F) ^ S^iV)* © (S^iV)* © F) 

^ s^{vy + {s^ivy © s^{vy) = x 

The group Gq acts by automorphisms on the symmetric algebra 
S{V) = ©j>o S^{V), and the subspace 3Sf C S{Vy is invariant under the 

dual action of Go on S{Vy. The action of gp^^ is the differential of this ac- 
tion of Gq. Now the multiplication in S{V) induces a surjective Go-module 
homomorphism S'^{V) © S^{V) — S^{V). Hence, there is an embedding of 
Go-modules 

ri : s^{vy s^{vy © s^{vy. 

Let 

No := viSHvy) 

be the image and define 

R' = {±ei^ ± ± Ei.^ ± ± I 1 < ii,i2,«3,«4,«5 < rn}. 

Since X(V) = {±£1, . . . , =b£^}, it is straightforward to see that X^N) C R' 
and dim ?l = dim^sfo^^^^ = 1. Prom this it follows that 

X_|_(?sf/Jsfo) C {3tI7i -I-G72, 3wi, 2wi +Ws, 

ZUl + tx74, Wl + ZU2, W5, ZUs, Wi}, 

where W5 is omitted if m < 4, wi +VU4 is omitted if m < 3, 2^1+^3 and tus 
are omitted if m = 1, 2, and 3wi + W2, voi + W2 are omitted if m = 1. As a 



132 



4. THE NONCONTRAGREDIENT CASE 



consequence, X_|_(N/No) C Xi(T), and any weight in X_|_(3sf/}\fo) dominates 

Wl. 

We claim that giHTvfo = 0. Indeed, suppose the contrary. Then Theorem 
4.4 shows that the gQ^-'-modulc S^{V)* = 3sfo contains a b~-primitive vector 
u of weight r = —Wl or —A = —3wi. Up > 5, then S^{V) is an irreducible 
0Q^^ -module (see Lemma 2.79). Therefore, any b~-primitive vector from 
S^{V)* has weight —5wi ^ {— roi, — 3tui}, which is impossible. 

Now assume p = 5. By Lemma 2.79, there exists a trivial gg^'^^-submodule 
Y of S^{V), and the quotient Y' := S^{V)/Y has a b'''-primitive vector of 
weight 3tui + ^2 if m > 2 {3wi if m = 1). Set Y-^ := G S^{V)* \ 

(t){Y) = 0}. The 0^^^ -modules Y^ and {Y')* (resp. S^{V)*/Y^ and F*) are 
isomorphic. If m > 2, then any b~-primitive vector from (Y')* has weight 
-3wi -W2 ^ {-roi, -3wi}. But then u ^ Y^, and so S^{V)*/Y-^ ^ y* 
contains a nonzero vector of weight T = —wi or —A = —3wi. As the 
0Q''^^-module Y* is trivial, this is impossible. If m = 1, this argument shows 
that u has t-weight —A = —3w\\ Y^ = il(n+)?i; and ry(it(n"'") u) is an 
irreducible submodule of the go-module qi (one should also take into account 
that go = go^^ ®3(0o))- But then one can replace the triple {f^,8o,^) by 
the triple {f^,Qo,r](u)) and argue as before, to conclude that that ri{u) has 
weight r. This is a contradiction, and it proves the claim. 

Thus, the canonical epimorphisni 'N ?^/?^o induces an injection g_i — > 
3sf/3sfo. As X+(3sf/3sfo) c Xi{T), Proposition 2.15 shows that the adjoint 

action of q^q^ on g_i is induced by the differential of a rational action of Go- 
The weights of the Go-module gi belong to X(3sf/3sfo). 

Again let ^ be a minimal weight of the Go-module gi. Arguing as before 
we see that the weight space gj* is t-stable and consists of b~-primitive 
vectors relative to go- Let 62 = e®^ be a nonzero weight vector for t contained 
in Q^. By Theorem 4.4 (again, as in part (c) of the proof of Theorem 4.18), 
the image of /i in X{T)/pX(T) coincides with —3wi or —wi. Since p > 3, 
the description of X_|_(3sf/3sfo) given above yields that either wqij, = 3wi 
or Won = ■^i- Let M' denote the Go-module generated by 62- The orbit 
Ngo{T) ■ 62 contains an eigenvector for = TN~^ of weight WQp,. Thus, 
M' is a homomorphic image of the Weyl module VIwqij,); see Proposition 
2.14 (a). 

Assume that /x = —3zui. Then 02 = —A. Now S^{V) is an irre- 
ducible gQ^^-module generated by a b'''-primitive vector of weight 3wi. (This 
can be seen directly or by identifying g^^^ with H{2m)Q and S'^iV) with 

0(2m)3, which has a b"'"-primitive vector t\ , and then by appealing to [St, 
Lem. 5.2.2] or Proposition 2.77(a)). By A'V'cyrs dimension formula (2.11), 
dmiV {3w-\) = dimS'^(F). In conjunction with Proposition 2.13 this implies 
that S^{V) = L{3wi) as g[)^^-modules. But then V{3wi) ^ L{3wi) ^ M' as 
Go-modules; see Proposition 2.14(a). Hence, M' is an irreducible go-module, 
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and we can, as before, replace the triple (/ , flojc) by the triple {f ,Qo,e2) 
to deduce that 62 ^ —A. This contradiction shows that —-uji is the only 
minimal weight of the Go-module qi. 

Since g is irreducible and transitive, it must be that dimgj* = 1. We 
have already established that u > zui for any u G X_|_(gi). Prom this it 
is immediate that all weights of the Go-module gi are conjugate under the 
Wcyl group of Gq. Using these properties and reasoning as above, we see 
that gi = V. We have considered all the cases, so the lemma is proved. □ 

4.8. Determining the negative part when fli is irreducible 

In Lemma 4.30 below, we show that if the Lie algebra g generated by the 
local part of g is isomorphic to one of the graded Lie algebras of Cartan type 
S, CS, H, or CH (so that gi is an irreducible go-module), then g itself must 
be depth-one. Except for a couple of special cases which must be treated 
separately, we are able to verify the lemma by applying previous results to 
the Lie algebra generated by go, a homogeneous space g^ of g for A; > 1, and 
a certain go-submodule V-k of g-fc. 

Lemma 4.30. Let q be a finite- dimensional graded Lie algebra satisfying 
conditions (l)-(5). Suppose that the subalgebra'Q generated by the local part 
Q-i © go ffi 01 'i'S isomorphic one of the restricted Lie algebras of Cartan type 
S{m + l;l)^^\m>2, 5(m 1; D^^^ © FDi, m > 2, H{2m;l)^'^\m>l, or 
> 1, with its natural grading. Then g_2 = 0. 

Proof, (a) Set Qj = g Pi Qj for —q < j < r. By our hypothesis on g, the 

commutator q'^^ is a classical simple Lie algebra of type or C^- Let 
t denote the toral subalgebra of go, and let be a b "'"-primitive vector of 
weight A from g_i. In the A^-case, we assume as before that A = Wm- In 
this case, we have by Lemma 2.78 (a) that when m > 2, the gg^^-module 
Qk is generated by a b~-primitive vector e-^i-ik+^)^m ^ k = 2,3. If <I> is of 
type C^, m > 1, and p > 5, the same lemma shows that g^ is generated 
by a b""-primitive vector e^^'^+^^^i, A; = 2,3. If p = 5 and $ is of type 
Cm, m > 2, then g2 is generated by a b""-primitive vector e~^^i and ga is 
generated by a b~-primitive vector g-s^i-^a. ggg Lemma 2.78(b). Finally, 
in the Ai, p = 5 case, g2 is generated by a b~-primitive vector e"^^^, and 
ga is generated by a b~-primitive vector e^^^^, again by Lemma 2.78 (b). 

(b) By 1-transitivity (1.3), the go-submodule g_i is isomorphic to a submod- 
ule of Hom(gi, g_(j_x)) (^ > 0). This can be used to show that each g_j with 
i > is a restricted gg^^-module. Indeed for i = 1, this is Remark 4.6. By 
transitivity (1.2), gi is isomorphic to a submodule of Hom(g_i,go); hence 
it is a restricted gg^^-module. (Note that go is a restricted gp^^-module too, 
as the restriction map on gQ^^ is induced by that on go-) By our induction 
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assumption, the 0Q^^-module is restricted. But then so is the Qq^^- 

module Hom(0i, g_(-j_i)) along with its submodule g_j. This completes the 
induction step. 

(c) Suppose that $ 7^ Ai if p = 5. We will show that [0_fc,0A;] = for 
k = 2,3. Suppose the contrary, and let a_fc := {x £ Q^k \ [x,9k] = 0} for 
k = 2,3. Let V-k denote a go-submodule of containing o_fc such that 
U-k '■= V-k/o—k is irreducible. Both V-k and a-k are gQ^'*-submodules of 
Q-k, and hence are restricted over by (b). Therefore, so is the quotient 
module U-k ■= ^-fe/d-fe- 

(cl) By Engel's theorem, the subalgebra n'*' of annihilates a nonzero 
vector on any 0o-™odule E endowed with a p-character which vanishes on 
This means that Eq = {v & E \ Ca.v = for all a G $"'"} is a nonzero 
t-module. But t is diagonalizable for any go-module affording a p-character. 
So there is A G t* such that E^ = {v e Eq \ t.v = X(t)v for all t G t} is 
nonzero. 

(c2) Let S^^^ = ©jg,^.^ sj''^ be the graded subalgebra of g generated by 
V-k, 00, and Qk, and let M^''^ be the Weisfeiler radical M(5^'=>) of S^''\ 
Obviously, M^'^^ n s[^^ = a_fc, and 5^ ^ = Qk- Let S^''^ := S^'^^M^^^ 
Then S_f^ = U-k as go-modules, and Sf^ = g^. Part (cl) shows that we 

can find a b"'"-primitive vector in U-k-, say Z^*^. Because ,5^ ] / 0, we 
must have e^*] 7^ where e^^ is a b~-primitive vector of g^ generating 
Qk as a go^^ -module. 

(c3) If lik 7^ —^k and //^(t H gg ) / 0, then the graded Lie algebra S 
satisfies all the conditions of Theorem 4.4. But then — Afc € {tui, tUm, 2ti7i + 
TUm, tui + 2ti7m} if ^ —Am, m > 2, and —A^ € {ti7i,3ti7i} if <I> = Cm, m > 1. 
Using our description of the A^'s in part (a), it is easy to check that this is 

not the case. Hence, either //^(tngQ^'*) = 0, or /iy^ = — A^. 

If Atfe(tngo^^) = 0, then it follows from the classification of the irreducible 
restricted representations of a classical Lie algebra that U-k is a trivial gQ^^- 
module. But then adf^'^ induces a nonzero gg^'* -module homomorphism 
4^k '■ Qk ^ Qo- Since Qk is generated by e"^* as a gg^^-module, it must be 
that 4'k{^^'°) is a b~-primitive vector in go. But — A^ is neither zero nor 
the highest root of see part (a) and our assumption in part (c). Hence, 
/^fc(tngj'))7^0. 

(c4) Now suppose i^k = —^k- We first assume that g^ is an irreducible gQ^^- 
module and let X denote the maximal graded ideal of S contained in 
0i>i ^ Theorem 3.22 shows that S^''^ /J<^''^ is a classical Lie algebra 

with one of its standard gradings (note that S /3Sf cannot be a Melikyan 
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algebra in view of our assumption in part (c)). As in the proof of Lemma 

4.28, one then observes that the the 0q -module S_i^ = U-k must have a 
b"'"-primitive vector whose weight is in the list 

{2G7i,CC7i,T[72,CC7^_l,roj„,2cC7^}, m > 8, 

(4.31) {2wi,wi,W2,vij'i,'UJ5,'UjQ,WT,2w'j}, m = 7, 

{wi \ 1 < i < m} U {2wi,2wjn}, 2 < m < 6, 

for g'^^ of type A^, and in the list 

{tui}, m > 4, 

{wi,Wm}, m = 2,3, 

{zui,2zui,3wi}, m = 1, 

for ^Q^' of type C^. On the other hand, it follows from our discussion in 

part (a) that fi^ = '^i + {k + k = 2,3, if qI^^ is of type A„i, m > 2, 

and = {k + 2)wi, /c = 2, 3, for p > 5 and /Ufc G {4ci7i, 3wi + W2) for 
p = 5 and m > 2, if q^^^ is of type C^, m > 1. These linear functions do not 
appear on the list. Therefore, the case we are considering cannot occur. 



(c5) Next assume that Hk = — Afc and is a reducible Qq^^ module. Propo- 
sition 2.77 (b) together with Theorem 2.69 (i) show that m + /c = mod p 
and is isomorphic to one of S{m + 1; l)(i) or S{m + 1; 1)(^) © FDi. The- 
orem 2.69 then says that Qk — S^. contains an irreducible 0q -submodule 
0^ with a b+-primitive vector of weight kwi such that the quotient module 
flfc/Sfc is irreducible. Let e^'^^" be a b~-primitive vector of the 0Q^^-module 
Qj, (Z S], . Note that [ft^k^gf^^mj jg ^ multiple of a highest root vector in 
= 00- Since k G {2,3}, Theorem 4.4 implies [ff^k^^'^'^mj = q. But then 
[/'^S 0«]=O, forcing [5f^fl«]=0. 

As in part (c4), we let denote the maximal graded ideal of S 

contained in 0j>i -Sj . The above discussion then shows that 'N/^ = 0^. 
and 

as 0Q^^-modules. But then Theorem 3.22 applies to the graded Lie algebra 

S /IN . Repeating the argument from part (c4) we now deduce that the 
present case cannot occur. This shows that under the main assumption of 

part (c) wc have [0A;, 0fc] = for /c = 2, 3. 

(c6) As 02 / 0, it follows that [0_i, [0_i, 02] / by transitivity. As 
[0-2,02] = 0, it follows that [0_2, [0-i, [01,02]]] = 0. By assumption, 
0-2 7^ 0, so that [0_2, 0i] = 0-1, by irreducibility and 1-transitivity. But 
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then 

[fl-3, fla] 2 [[0-1, 0-2], [01, 02]] = [0-1, [0-2, [01, 02]]] 

= [0-1, [[0-2, 01], 02]] = [0-1, [0-1, 02]] i- 0. 

This contradiction shows that 0_2 = if p > 5, or if p = 5 and $ is not of 
type Ai. 

(d) Now suppose that p = 5 and <J> is of type Ai. By our initial assumption, 
the graded Lie algebra g is then isomorphic to either H(2;l)^'^^ or H (2; 1)^'^^ Q) 
¥Di. By Proposition 2.77(a) and Lemma 2.78(b), the 0Q^^-module 92 is 
irreducible and generated by a b~-primitive vector e~^^i. If we reason as 
above, it is not difficult to observe that [0-2, 02] = 0. This forces [0-3, 03] 7^ 
0; see the above calculation. Since g is generated by its local part, the 
commutator subalgebra g^^^ is simple. Moreover, C 0^^^ for any i / 
and 0^-'^) n 02(p-i)-2 = 0; see Lemma 2.80. As p = 5, this gives 06 = 0. 

By Lemma 2.80 again, 03 is an irreducible gQ^'*-module generated by a 
primitivc vector e^^^i. Consequently, [0-3, e"^^^] 7^ 0. 

As before, let V-3 be a go-submodule of g_3 containing a_3 := {x G 
0-3 I [x, 03] = 0} and such that the quotient module U^s = F_3/a_3 is 
irreducible. Let 5'^^^ be the graded subalgebra generated by T^-3, 0o, and 
03. Let JA^^^ denote the maximal ideal of S^^^ contained in the negative 
part 0i<o5f ^- Set S^^^ := S^^l/M^^l. Clearly, S^^^ is graded: 

|3| |3| _ 

and S'_3 = C/_3, 5*0 = 0o, and 5*3 = 03. By similar reasoning, we find a 
b'''-primitive vector /^^ £ U-^ and show that [f^^,e~^'^^\ ^ 0; here e"^^^ 
denotes the image of e"^^^ in 5 . 

If M3(tn0^^^) = 0, then, as above, U-z = ^f^^, and ad/^^s induces a 
nonzero 0q^^ -module homomorphism from 93 into 00- Since this situation 
is easily seen to be impossible, we have fisit H 0^^^) 7^ 0. If ^3 ^ Swi, 
Theorem 4.4 applies to yield that [f^''', e^^^i] = /i, a b~-primitivc vector 
of 0Q^^ = SI2. Hence, fi^ = zui. Let J^roi ^ b+-primitivc vector of 03, 

and let /■^^i denote its image in S^^\ Because [/^^, Z^^^] G 0o^^ we have 
/St^i] = 0. Therefore, 



(^^'^)6 / 

3wi. 



|3| ^ 

forcing {S^ ')e 7^ 0. Since this contradicts ge = 0, we conclude that 



/3"j. 

Let 3 be the maximal graded ideal of S contained in the subspace 
®|i|>3 ■ construction, the graded Lie algebra S /3 satisfies all the 

|3| 

conditions of Theorem 3.22. Since S /d is generated by its local part, it 
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cannot be isomorphic to a Melykian algebra. Hence, S ' /3 is isomorphic 
to a graded Lie algebra of type G2 associated with the Dynkin diagram 

(4.32) 

(see Theorem 3.22 and [Boul]). But then (S^^^)^ 7^ ((5^^^)6 n to force 
06 7^ 0. This contradiction shows that fl_2 must be zero, as desired. □ 

4.9. Determining the negative part when Qi is reducible 

Here we show that if the local Lie algebra g is a restricted Lie algebra 
of Cartan type W or K, then the negative part of g must coincide with 
the negative part of g. Under these hypotheses, gi is the direct sum of two 
irreducible go-modules in most cases, so we can look at the Lie algebras 
generated by g_i, go, and various submodules of gi and apply previous 
results to (quotients of) them. 

Lemma 4.33. Let g = ®l=_q5i be a finite- dimensional graded Lie al- 
gebra which satisfies conditions (l)-(5). Suppose that the subalgebraQ gen- 
erated by the local part g-i © go © gi is isomorphic to a graded Lie algebra 
of Cartan type W{m;l), m>2, or K{2m + Then Qi = Qi for i < 0. 

Proof, (a) We first assume that g ^ W{m;l) if m + 1 = mod p. In this 
case the go-module gi decomposes into the direct sum of two go-submodules 
q\ and g|. For g = l^(m;l) this follows from Theorem 2.69. For g = 
K{2m -\- 1, 1)(^) we let g| denote the span of ah ^^(xf ^x^-^^x^^^) with 1 < 
i,j,k < 2m, and we put q\ := {-Di<:(x^^^X2^^i) | 1 < i < 2m}. Recall that 
here we have go^^ = sp{V) where V is the span of xj^^ with 1 < i < 2m. 
Using Proposition 2.61 it is straightforward to see that g| ^ S^{V) and 
q[^V = g_i as g[,^^ -modules. 

Let g^ and g^ denote the graded subalgebras of g generated by g_i ©go © 
g| and g_i © go © Si, respectively. It follows from our general assumption 
and Proposition 2.61(ii) that is 1-transitive and g_2 = 3(g^). Applying 
Theorem 2.66 we now deduce that the graded Lie algebra g^/g_2 is iso- 
morphic to one of Cartan type Lie algebras 5(m;l)(^) ©F2)i, m > 3, or 
H(2m;l)^'^^ ©F2)i, m> 1, while g^^ is isomorphic to a classical Lie algebra 
of type or C^+i. 

(b) Let us denote by g" the graded subalgebra of g generated by the sub- 
spaces g\ and g-j with i < 0. Let M(g'') be the maximal ideal of g" con- 
tained in the negative part 0j<o 0* °f s"- Clearly, M(g'') C 0j<_2gi. 
Since g} = g*_i as go-modules, the quotient algebra g** := gV^(0'') sat- 
isfies all the conditions of Theorem 3.22. Our general assumption implies 



138 



4. THE NONCONTRAGREDIENT CASE 



[[g_i, 0_i], 0_i] = 0. Since the subalgebra generated by the local part of a 
Melikyan algebra is isomorphic to a Lie algebra of type G2 graded accord- 
ing to the long simple root, Theorem 3.22 yields that is classical. As a 
corollary, if g ^ W{m;l), then fl_2 C M{q^), and if g ^ K{2m + 
then g_3 C M(g'') and M(g'*)_2 has codimension 1 in g_2. 

Clearly, M(g'')_2 = {x E g_2 | [x,Qi] = 0}. It follows easily from this 
and our general assumption that g_2 H M(g'')_2 = and that 0_2 7^ only 
if g ^ ii:(2m + Therefore, 

g_2 = g_2®M(g*)_2. 

(c) Let g^ denote the subalgebra of g generated by the subspaces q\ and 
Qi, i < 0. Let M(g^) be the maximal ideal of g^^ contained in the negative 
part 0j<o0i 0^- discussion in part (a) shows that g_2 C M(g^) 
and the quotient algebra gt := gV^(0^) satisfies all of the conditions of 
Lemma 4.30. Applying this lemma, we obtain that M(g'^)_2 = 9-2- As 
M(g*)_2 = {x £ g_2 I [x,g*] = 0}, we have [M(gt)_2, q\ + qI] = 0. Since 
g is 1-transitive and gj + g! = gi by part (a), we get M(g'')_2 = 0. Our 
final remark in part (b) then yields g_2 = g-2- If g — W{m]l), this gives 
the result. If g ^ K{2m + 1; 1)^^), then M(g'^)_3 = M(g'')-3 = g_3 by our 
remarks above. 

(d) Suppose g_3 ^ 0. We have [g-3,gi] = by part (b), and [0-3, 0i] = 
[g_3,g|] = g_2 by part (c) and 1-transitivity. Since dimg_2 = 1 and 
g is 1-transitive, the gg^ ■'-module g_3 embeds into Hom(g|, g_2) = (gj)*. 
Moreover, because g = K{2m + in the present case, we have that 
0Q^^ = sp{V) and g| = S^{V) as gp^^-modules; see part (a). Since p > 3, 
Proposition 2.77 shows that g| is an irreducible (and self-dual) gg'^^-module. 
It is generated by Dk(x^i^), a b'''-primitivc vector of weight 3wi. Let /^^i 
be a b'''-primitive vector of g_3, and let e^^™^ and e~^^ be b~-primitive 
vectors of g| and g^, respectively. Set w := [/^^^ , e~^™i]. By the above, 

both g_3 and q{ are irreducible over Qq'\ Since [g_3,g5^] = 0, we have 
[/^^i,e~^i] = 0, while the 1-transitivity of g implies that w spans g_2 = 
g_2. By our discussion in part (a), g" is a Lie algebra of type Cm+i- Because 
[[e_2£i , e^i-ej], , e^i-ej] / in any Lie algebra of type C^+i over F in which 
g_2 = Fe_2£i, it must be that 

[/3^i,[[e-3^Se-^i],e-^i]] = [[w,e-^'],e-^'] eF^'e^^, 

where a is the highest root of It is now immediate that the elements 

and [[e-^^^i, e"^!], e'"^^] satisfy all of the conditions of Theorem 4.4, 
contrary to the fact that S'^{V) ^ V as sp(y)-modules. Therefore, g_3 = 0. 

(e) We turn now to the case in which g = W{m;l), where m + 1 = 
mod p. It is much more complicated. As above, we let g^ denote the graded 
subalgebra of g generated by g_i © 0o ® 0i- Note that in the present case 
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m > 4. Theorem 2.69 shows that the go-™odule gi has a unique composition 
series gi D g| D fl^ ^ 0- Furthermore, gi/gj = glj, and g^ is isomorphic to a 
graded Lie algebra S{'m;l)^^^ © ¥Di; see Theorem 2.66. Setting g'^ as above 
and using Lemma 4.30, we see now that g_2 = 3Vt(g^)_2- In other words, 
[g_2j gl] = 0. By 1-transitivity, g_2 is then isomorphic to a submodule of the 
go-module Hom(gi/g|, g_i) = g_i (8)g_i. Since go = gl{V) and g_i = V*,it 
follows that g_2 is isomorphic to a g[(y)-submodule of V* <Si V* = S'^{V*) © 
A^V*. In particular, g_2 is a completely reducible go-module. 

(f) Suppose g_2 7^ and let g'_2 be an irreducible go-submodule of g_2- 
Clearly, cither g'_2 = S'^(y*) or g'_2 = A^V* . Due to the irrcducibility 
and 1-transitivity of g, we have [g'_2) gi] = g-i- Therefore, [g'_2) [Si; Si]] = 
[g_i, g|] 7^ by transitivity. As a consequence, [g'_2,g2] 7^ 0. 

Since m + 2 ^ mod p, Theorem 2.69 shows that g2 = (g2)'' © ($2)^ 
where both (52)" and (g2)^ are irreducible gg^^-modules. Moreover, (52)" 
and generated by b~-primitivc vectors e~^^ and e~^, respectively, 

where = 2A + a, A = Wm-i, and a = ai + • • • + am-i = wi+ Wm-i] see 
Theorem 2.69, Lemma 2.78, and [Boulj. Let / be a b^-primitive vector of 
g'_2- Since g'_2 is isomorphic to a submodule of S'^{V*) ® a'^V*, the weight 
of / is equal to either 2 A or vUrn-2- Since [g'_2, 92] 7^ 0, it follows that either 
[/, e~^^] 7^ or else [/, e^^] / 0. Applying Theorem 4.4 shows that the case 
[/, e~^] 7^ is impossible. Thus / has weight 2A, and [/, e"'*] = 0. This, in 
turn, yields g_2 = g'_2 = S^V*). 

At this point, it will be convenient to identify g with the graded Lie 
algebra W{m;l), adopt the notation of Section 2.13, and choose t to be the 
Cartan subalgebra t) from the proof of Theorem 2.69. The above shows that 
[/, e~^^] is a nonzero element in f). Let S^"^^ denote the graded Lie subalgebra 
of g generated by g_2, go, and (g2)^. Let / be the maximal graded ideal of 
contained in the subspace 0|j|>4 S'f ^ and set S^^^ := S^'^^/I. Then 

|2| {2} {2} ~ {2} 

'S'o — go and both S_2 and S2 are irreducible Sq -modules. Applying 

12} 

Theorem 3.20 we derive that S is isomorphic to a classical Lie algebra 
with a standard grading. Our earlier remarks show that the Dynkin diagram 

12} 

oi S must have the following form: 



(4.34) 



ai a2 ctjn-i — 2A 



Therefore, it can be assumed, after rescaling / if necessary, that e 



-2A 



X 



^^-"Di and [/, e ^^] = /i2A, where A(/i2a) = 1, am-i(^2A) = -1, and 



m 



«i(^2A) = for z < m — 2. 
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(g) By Theorem 2.69 the £|q -module q\ is generated by a b -primitive 
vector = XmT)i. Since g{ C g\ and [0_2,0|] = by part (e), we have 

(4.35) [/,e-^]=0. 

Since m + 3 ^ mod p, Theorem 2.69 shows that the 0q^'* -module 33 is 
a direct sum of its irreducible submodules (Js)" and (03)^. Moreover, the 
0Q^''-module (53)^ is generated by a b~-primitive vector e~^^ := x^Di. In 
view of (2.68), we have 

(4.36) [x«S)i, x(^)Di] = ij-i)(^^.^yg+^^^i (Vi,jGN). 
Since div(^x!^ — x^Di) = —{m + l)xm = and (02)^ consists of all 

^ (3) 

divergence-free derivations in 52 = W{m;l)2, it must be that —Xm Dm + 
x^Di G (02)^- Since the irreducible 0q^'* -module (03)^ contains x^ Di and 

[x«(xS^)i^i -x?)i^2), [x«(xWDi -xWd2), xg^D^]] e FXx(^)Di, 
we have the inclusion (03)^ C 0^ which shows that 

(4.37) [/,x(^)L>„-x(^)S)i]=0, 

since, as we noted in part (e), [0_2, 0i] = 0. 

Set := Djn, a t)"'"-primitive vector of the 0Q^^-module 0_i. Combining 
(4.35), (4.36), (4.37) with the equality A(/i2a) = 1 we now obtain 

[[/, n [e-'\e-^]] = [[/, [e-2^ e"^]], /^] + [/, [/^ [e-'\ e"^]]] 

= [[/^2A,e-^],/^] + [/, [Drn,[xg^^^,xg^^^]]] 

= -A(/i2A)[e-^,/^] - 3[/, [Dm, 

= [Dm,xg^^,]-3[f,xg^^i+xg^Dm] 

= 2)i + xg^Dm - 3[/, 2x(^)2)i + xg^Dm - xg^^i] 

= ^i+xg^Dm-eh2A. 

Since A(/i2a) = 1, we have [Di + xg^D^. - 6/t2A, Dm] = -8Dm 7^ 0. Con- 
sequently, [/, /^] 7^ is a b'^-primitive vector of weight 3A = 3wm-i in 

0-3- 

(h) Let 0'_3 be the 0o-submodule of 0_3 generated by [f,f^], and denote 
by S^^^ the Lie subalgebra of generated by 0'_3, 0o, and (03)'*. We give 
S^^'i a Z-grading by setting ^ = 0_3j n S^^^ for all i G Z. Let J be the 
maximal graded ideal of 5''^^^ contained in the subspace ©|j|>i sj^\ and 

set S^^^ := S^^^/J. Our computation in part (g) implies that [f,f^] J- 

|3\ 

Prom this it is easy to deduce that the graded Lie algebra S is irreducible, 

/31. 

transitive, and 1-transitive. Obviously, Sq =00- 



4.10. THE CASE THAT go IS ABELIAN 



141 



Let A' = -Wo (A) = vji and extend A' to a linear function on f) by setting 
A(2)i) = 1. Let u^^' denote a b+-primitive vector of = S^iV), and let 
be any b~-primitive vector oi S\ . Then [u^^','U'^] 7^ by transitivity. If 
A 7^ — 3A', then Proposition 4.14 says that A does not vanish on \:)r]Q^\ Since 
Swi {cui, ti7m_i, 2ii7i +tj7m-i, + 2ti7m-i}, this contradicts Theorem 4.4. 
Thus, the b~-primitive vectors of Si must have weight — 3A'. Let M be 
an irreducible Qo-submodule of sf^\ Since is a restricted gg^^ -module, 

so is the gQ^^-module M =— > Hom(S'lW go)- The preceding remark then 
implies that M is generated by a b~-primitive vector of weight — 3A'. In 
this situation, Theorem 4.7(ii) shows that s\^^ is an irreducible gp^^-module. 



But then S satisfies all of the conditions of Theorem 3.22. It follows that 

S is a classical graded Lie algebra whose null component is of type Am~i, 
m > 4. Yet Szui is not listed in (4.31), which exhibits all possible weights of 

b"'"-primitive vectors in that can occur in this situation. This implies 
that in the present case g_2 = 0, completing the proof. □ 



4.10. The case that go is abelian 

Here we verify that go can be abelian only in a Zassenhaus Lie algebra 
W{l;n) or in sl2- We use the fact that by transitivity, go must be one- 
dimensional, so that by irreducibility, g_i must be one-dimensional as well. 



Lemma 4.38. Let g = ©[=_^gi be a finite- dimensional graded Lie al- 
gebra which satisfies conditions (l)-(5), and suppose further that = . 

If r > 1, then q = 1, and g is isom,orphic to a graded Lie algebra W{\]n) 
for some n > 1. If q > 1, then r = 1, and g = B-j is isomorphic to 

a graded Lie algebra W(l;n')) for some n' > 1. If r = q = 1, then g = 5(2. 

Proof. Since go is abelian, conditions (3) and (4) show that go and g_i are 

one-dimensional, say go = Fzo, and g_i = Fz_i, and zq acts as a nonzero 
scalar on g_i. Since the pairing gi x g_i — >■ go given by the product is 
nondegenerate by transitivity, gi = gl^. Thus gi is one-dimensional also, 
say gi = ¥zi. 

Denote by g-~^ and g-^ the graded subalgebras of g generated by all Qi 
with i > —1 and i < 1, respectively. Both g-~^ and g-^ satisfy conditions 
(l)-(5). If g = g-~^ or g = g--*^, then our statement follows from Theorem 
2.66. Thus, in what follows we will assume that min(r, (/) > 1. 

As [g_i,g_i] = [gi,gi] = 0, Theorem 2.66 shows that g^"^ = W{l;n) 
and g-^ = W{l;n') for some positive integers n and n'. In particular. 
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dimg, = 1 for < i < r, and [01,5^-2] = = [S-i, S-(p-2)]- For -p + 2< 
i <p — 2, choose Zi G 0i\{O}. By transitivity, {ad z-iY'^ {zp-2) 7^ 0, while 

(adz_i)f-=^([0_(p_2),0p-2]) C F(adz_i)f-=^(^o) = 0, 
since p > 5. But then 

= (ad2;_i)f-^([0_(p_2), %-2]) 
= [g_(p_2),(ad2;_if-^(zp_2)] 

= [9-(p-2), 0i], 

violating condition (5). Therefore, min(r, = 1, proving the lemma. □ 
4.11. Completion of the proof of the Main Theorem 

Suppose = 0j=_y0j is a graded Lie algebra satisfying the hypotheses 
of the Main Theorem, and let denote the Lie subalgebra of generated by 
0_i © 00 © 01- Note that satisfies the hypotheses of the Main Theorem. If 
0Q^^ = 0, then the Main Theorem follows from Lemma 4.38. So assume from 
now that 0q^'' 7^ 0. Since [[0_i,0i],0i] 7^ by 1-transitivity, Theorem 1.63 
shows 0-1 is a restricted gg^^-module. Since 0i embeds into Hom(0_i,0o) 

by transitivity, it is a restricted 0o^^ -module too. 

Let be a ^'''-primitive vector of weight A in the 0o-module 0_i, and 
let be a b ^-primitive vector of weight T in the 0o-module 0i. Then 
[/^,e^] / by transitivity. If [f^,e^] ^ t, then it can be assumed (after 
rescaling if necessary) that [f^, e^] = e_„ for some a € If a is a positive 
root, then Theorem 4.18 shows that is a restricted Lie algebra of Cartan 
type with its natural grading. More precisely, is either l^(m; I,), m > 2, 
or S{m;lY^\ m > 3, or ^(m;!)^ ©FS)i, m > 3, or i7(2m;l)(2), m > 1, 
or ii"(2m;l)(2) ©FSi, m > 1, or K{2m + m > 1. In this situation, 

Lemmas 4.30 and 4.33 yield that is isomorphic to a Lie algebra of Cartan 
type with its natural grading. 

If a is a negative root, then Lemma 4.28 says that 0i is an irreducible 
00-module. In this case, we can regard with its reverse grading without 
violating the hypotheses of the Main Theorem. Interchanging the roles 
of positive and negative roots and arguing as above, we are now able to 
conclude that g itself is isomorphic to a Lie algebra of Cartan type with the 
reverse grading. 

Thus, from now on we can assume that [f^, e^] G t for any b~-primitive 
vector e'" G 01. Clearly, this implies that any irreducible 0o-submodule of 
01 is generated by a b~-primitive vector of weight —A. In this situation 
Theorem 4.7(ii) applies showing that 0i is an irreducible go-module. But 
then Theorem 3.22 says that either g is a classical Lie algebra with one of its 
standard gradings or else p = 5 and g is a Melikyan algebra with its natural 
grading or the reverse of its natural grading. □ 
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